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WALDHAUSEN’S CLASSIFICATION THEOREM
FOR FINITELY UNIFORMIZABLE 3-ORBIFOLDS

YOSHIHIRO TAKEUCHI

ABSTRACT. We define a map between two orbifolds. With respect to this map,
we generalize 3-manifold theory to 3-orbifolds. As the main goal, we gener-
alize the Waldhausen’s classification theorem of Haken 3-manifolds to finitely
uniformizable 3-orbifolds. For applications of the developed theory, we intro-
duce an invariant for links and tangles by using the orbifold fundamental group.
With the invariant, we classify a class of links and show the untangling theorem.

INTRODUCTION

The concept of orbifolds is introduced by I. Satake [S] and renamed by W.
P. Thurston (Chapter 13 of [Th]). It is a generalization of the concept of man-
ifolds. An n-orbifold is a topological space locally modelled on (an open set in
R")/ (a finite group action) and each point of it is provided with an isotropy
data. A manifold is regarded as an orbifold whose local group on each point is
trivial. |X| means the underlying space of the orbifold X. XX means the set
of all singular points of local groups of X . In §1, we introduce the basic facts
about orbifolds (boundary, orientation, compactness, etc).

A covering orbifold X of an orbifold X is an orbifold which can be mapped
onto X and is locally the quotient by a subgroup of a local group of X . In case
that £X has codimension greater than 2, orbifold coverings of X are regarded
as a branched coverings. There exists a unique universal covering orbifold as
a usual covering space [Th]. An orbifold is called good if it has a covering
orbifold which is a manifold. In this paper, orbifolds which we deal with are
good orbifolds.

For studying orbifolds, we need a map between orbifolds which respects
their orbifold structures. We note that the universal cover of a good orbifold
inherits the orbifold structure. Let X and Y be orbifolds. Let p: X - X and
q: Y — Y be the universal coverings. We introduce an orbi-map between X
and Y in §2. By an orbi-map f: X — Y, we shall mean a continuous map
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h:|X| — |Y| with a fixed continuous map #: |X| = |Y| which satisfies the
following conditions:

(01) hop=gqoh.

(02) For each g € Aut(f, D), thereexistsa 7 € Aut()~’, q) such that hog =
toh.

(03) A(JX]) is not contained in XY .

Namely, f is called an orbi-covering (resp. orbi-isomorphism) if 4 is a
covering (resp. isomorphism) as an orbifold.

We rewrite Various facts in the theory of 3-manifolds into 3-orbifolds via
the functor (manifolds, continuous maps) — (orbifolds, orbi-maps). Many
important concepts in 3-manifold theory are generalized to 3-orbifolds [B-S 1,
2, D, Th]. In [Ta 1], the author studied 3-orbifolds through OR-maps and
developed 3-orbifold theory different from one in this paper. He also showed
an orbifold version of Waldhausen’s classification theorem different from one
in this paper.

According to Thurston, the orbifold fundamental group of X, denoted by
m,(X), is defined as the deck transformation group of the universal covering
p: X = X . We rewrite it by using paths in If | sothat an orbi-map f: X —» Y
induces a homomorphism f,: n,(X) — = (Y). For the orbifold fundamental
groups, covering orbifolds and orbi-maps, we can require the same results as in
the theory of usual covering spaces. (See 2.4-2.9.)

In §3, we restrict our target to finitely uniformizable, compact, orientable
3-orbifolds. An orbifold is called finitely uniformizable, if it has the same orb-
ifold structure as the quotient of a manifold by a finite group action. With this
assumption, we apply the equivariant theorems of W. H. Meeks and
S. T. Yau [M-Y 1-M-Y 3], so that we get orbifold versions of Dehn’s Lemma,
Loop Theorem, and Sphere Theorem. Thus, we use “cut and paste methods”
in studying 3-orbifolds.

In §§4 and 5, we will do the construction and modifications of orbi-maps.
For a given homomorphism ¥ : n,(X) — =, (Y), we can construct an orbi-
map f : X — Y satisfying f, = ¥ under some conditions. (See 4.2, 4.4.)
Frequently we need to modify an orbi-map. A triangulation of an orbifold X
is a triangulation of |X| such that £X is suitably included in a subcomplex of
it. A simplicial orbi-map f: X — Y is an orbi-map which maps each simplex
of some triangulation of X onto a simplex of some triangulation of Y linearly.
For a given orbi-map f: X — Y and a triangulation K, of Y, we can modify
f preserving some properties into an orbi-map which is simplicial with respect
to some triangulations of X and K, . (See 5.1.) Using such a modification, we
can show the “transversality theorem” by almost the same way as in the case of
3-manifolds. (See 5.5.)

In §6, we will show “I-bundle theorems”. Applying the results of W. H.
Meeks and P. Scott [M-S], we can get almost the same results as in the case of
3-manifolds. We need this as the breaking case of the main theorem.
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In §7, we show the main theorem. Let 7  be the class of all compact,
connected, orientable 3-orbifolds which are

(i) finitely uniformizable,

(11) irreducible,

(111) sufficiently large,

(iv) in which every turnover (a sphere with three singular points) with non-
positive Euler number is boundary-parallel.

By the recent result of W. D. Dunbar [D], the orbifold M which belongs to
#  has a hierarchy. The main result then follows from an analog of Theorem
13.6 of [H]. The main result of this paper is as follows.

7.4. Theorem. Let M, N € #" and suppose f : (M,0M) — (N,ON) is
an orbi-map such that f, : n, (M) — = (N) is monic and such that for each
component B of OM, (f|B), : n,(B) — n,(C) is monic, where C is the com-
ponent of ON containing f(B). Then there exists an orbi-map g : (M, 0 M) —
(N,9dN) such that g, = f, : n (M) — n,(N) and either

(1) g : M — N is an orbi-covering,

(2) M is an I-bundle over a closed 2-orbifold, there is an orbi-homotopy
f,:(M,0M)— (N,ON) such that f,=f, f,=g,and g(M)CON, or

(3) Each of M and N is (a) or (b) in Figure 7.2, and g|0M is an orbi-
covering.

If (f|B): B — C is already an orbi-covering, we may assume (f|B) =
(g|B), and in case (2), f,|B=g,|B forall t.

Furthermore, we show

7.6. Theorem. Let M, N € #" . Suppose all the components of M and O N
are incompressible in M. Let ¥ : n, (M) — n,(N) be an isomorphism which
respects the peripheral structure. Then either

(1) there exists an orbi-isomorphism f: M — N which induces ¥ or

(2) M is a twisted I-bundle over a closed nonorientable 2-orbifold F and N
is an I-bundle over a 2-orbifold G such that n,(F)=n,(G).

As the corollary of it, we derive

7.7. Corollary. Let M, N € # . Suppose M and N are closed and n (M) =
n,(N). Then M and N are orbi-isomorphic.

Zimmermann, McCullough and Miller showed similar results under a geo-
metric hypothesis. [Z, M-M].

In §8, we apply our result so that we classify a class of links. Recall that a
link (S3 , L) is prime if there is no §% in S° that separates the component of
L, and any S? that meets L in two points, transversely, bounds in S* one and
only one ball intersecting L in a single unknotted spanning arc. Let (S3 , L)
be a link and X be the orbifold which satisfies that XX = L and the orders
of every local groups of the components of X are n € Z, n > 2. We call
such an orbifold X the associated orbifold with weight n of (S3 , L), denoted
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by 0( Lon)- We define the n-weighted orbi-invariant of (S3 , L), denoted by
Orb, (L), by the fundamental group of the associated orbifold with weight n

of (S*, L). We call the link (S°, L) sufficiently large if the orbifold O, , is
sufficiently large for some n € Z, n > 2. (This definition does not depend on

n.) By applying 7.7, we have the following result.

8.1. Theorem. Suppose (S3, L) and (S3, L') are prime and sufficiently large
links. (S3 , L) and (S3 , L") are the same link type, if and only if Orb, (L) =
Orbn(L') forsome neZ, n>2.

Boileau and Zimmermann show a similar result in [B-Z].
For a tangle (B, t), we define Orb,(f) in a manner similar to that of the
case of links. We get the following result as an application of 4.2 and 5.5.

8.3. Theorem. Let (B,t) be atangle. (B,t) is the k-strings trivial tangle if
and only if Orb,(t) = A *---x A, , where A, =1L, for each i.

In [Ta 2], the untangling theorem for 2-strings case is showed in another
form.

Acknowledgments. The author would like to thank Professors M. Kato, T. Ka-
nenobu, S. Kojima, M. Morimoto, M. Nagata, M. Sakuma, and M. Yamasaki
for their valuable suggestions and advice and M. Yokoyama for her eager dis-
cussions with him. He also would like to express his appreciation to the referee
for the careful reading of this paper, and for his useful comments.

1. PRELIMINARIES

By an n-dimensional orbifold X , we shall mean a Hausdorff space S to-
gether with a system . = ({U;}, {¢,;}, {U;}, {G,}, {91 which satisfies the
following conditions:

(1) {U;} is locally finite.

(2) {U,} is closed under finite intersections.

(3) For each U,, there exist a finite group G, acting smoothly and effectively
on a connected open subset l~J,. of Ri and a homeomorphism ¢, : f]i /G, =U;.

4 If U C U, there exist a monomorphism f,.j : G; — G; and a smooth

embedding ¢, : U — (NIj such thatfor g€ G,, x € (7,., 9.i(8x)=1,(8)¢;;(x)

1
and the following diagram commutes,
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where ¢, i is induced by the monomorphism and the embedding, and r;’s are
the natural projections.

Each ¢,or,: U, — U, is called a local chart of the orbifold. &~ is called an
atlas of the orbifold. We call S the underlying space of the orbifold X, and
denote it also by the symbol |X|, we mean the underlying space of the orbifold
X . X issaid to be connected if |X| is connected. X is said to be compact
if |X| is compact. Let ¥’ be another atlas as above. % and . are said
to be giving the same orbifold structure to S, if . and .¥’ can be combined
consistently to give a larger atlas still satisfying the above conditions. When we
deal with an orbifold, we will take a convenient atlas in all the atlases which
give the same orbifold structures.

Let & = ({U}, {¢;}, {U},{G;}, {¢;}) be an atlas of an orbifold X.

An orientation of U, is an orientation of (~Ji in which G, acts as a group of
orientation preserving maps. We call {U;} an orientation of X , if each U, is

oriented and each embedding ¢, Iz (~Ji - U . preserves the orientation.

Let & =({U;}, {9;}, {(~J} {G;}, {¢,;}) be an atlas of an orbifold X and
H asubspace of |X|. We define the restriction of & to H , denoted by | H,
by ({H;}, {e;|H}, {H} {GlH} {¢”|H} where H, = HN U,, H
component of the inverse image of H; under the quotient map (7,. — U, and
G| f-il. is the restriction of the action of G, to fIi. By a subspace of X , we
shall mean a subspace H of |X| together with | H. We also call H the
underlying space of the subspace of X . Connectedness, compactness, and other
set-theoretical concepts of a subspace of an orbifold are defined by those of its
underlying spaces. We shall use the terminology 4 C X to mean that 4 is a
subspace of X .

Let A be a subspace of X . By the symbol X — A4, we shall mean the subspace
of X whose underlying space is |[X|—|A4|. By the symbol cl(4), we shall mean
the subspace of X whose underlying space is cl(|4|). A neighborhood of A
in X is a subspace of X whose underlying space is a neighborhood of |A4| in
|X|. Let x be a point in |X|. A neighborhood of x in X is a subspace of X
whose underlying space is a neighborhood of x in |X]|.

Let 4 and B be subspaces of X. By the symbol ANB (resp. AUB),
we shall mean the subspace of X whose underlying space is |4| N |B| (resp.
|A| U |B|). By the symbol 4 = B (resp. A C B), we shall mean that |4| = |B|
(resp. |4] C |B]).

A subspace Q of an orbifold X is called an m-dimensional suborbifold of
X, if Z|H gives an m-dimensional orbifold structure to H, where H is the
underlying space of Q and % is an atlas of X .

Let X be an orbifold. Let x be any point in |X| and ¢ or: U-Ua
local chart of X containing x . The local group at x, denoted by G, is the
isotropy group of any point in U corresponding to x . This is well defined up
to isomorphisms. A point x € |X| is called generic if G = {id} and singular
otherwise. The set X = {x € |X||G, # {id}} is called the singular set of X .
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Note that XX is closed and nowhere dense. An orbifold X is called a manifold
if £X = . (This definition is compatible with the ordinary one.) Throughout
this paper we will suppose that dimXX < n—2. A stratum of X is a maximal
connected component on which the orders of the local groups are constant. By
the symbol %) X | we shall mean all the collection of k-dimensional strata.
Let X be an n-dimensional orbifold. We call a point x € |X| a boundary
point of X if for some local chart of X ¢, or,: (~Ji — U, containing x, X
is corresponding to a point in l~Ji NR""'. The set of all the boundary points
is called the boundary of X . By the symbol X, we shall mean the subspace
of X whose underlying space is the boundary of X and structure is given by
the restriction of % to it, where . is an atlas of X. We call |X|-|0X]| a
interior of X and a point x € |X|—|0X| a interior point of X . By the symbol

Int(X) (or i’ ), we shall mean the subspace of X whose underlying space is
|X| — |8 X| and structure is given by Z|(|X| —|0X|). 8X and Int(X) are
clearly (not necessarily connected) suborbifolds of X. 00X and Int(X) are
called the boundary orbifold of X and the interior orbifold of X , respectively.
Frequently, we also call them simply boundary of X and interior of X. X is
said to be closed if X is compact and |0X|=C.

Two orbifolds X and X' are called isomorphic, if there exists a homeomor-
phism 4 : |X| — |X’'| and for each point x € |X|, there exist an isomorphism
f, from the local group G, of x to the local group G;,(x) of h(x) and a diffeo-
morphism % : U, — f/,;(x) such that, forany g € G,,any ze U,, h (gz) =
f(8)h,(z), where U, - U, /G, = U, and Uy, — U, /Gy = Uy, are the
local charts. 4 is called an isomorphism from X to X'. By the terminology
an isomorphism h: X — X', we shall mean that A is an isomorphism from X
to X'. (Automatically, X and X are isomorphic.) In case both X and X’
are manifolds, an isomorphism # : X — X' means an usual diffeomorphism
from X to X'.

An orbifold X is called a covering orbifold of an orbifold X , if there exists
a continuous map p : |f | = |X| which satisfies the following conditions:

(1) p is onto.

(2) each point x € |X| has a local chart of X of the form (7x — ﬁx/Gx =
U, such that each point X € p '(x) has a local chart of X of the form
I~JX — l~]x / G, =V,  andthe following diagram commutes, where V_ . is the

X,
component of p'l(Ux) including X, Gx,

the natural projection.

N

; is some subgroup of G, , and ¢ is

1R

Ux/Gx,i Vx,[
./ _la Lp
u - U/G, = U

X

p is called a covering from X to X. By the tgrminology a covering p : X - X,
we shall mean that p is a covering frorn~ X to X. (Automatically, X is a
covering orbifold of X.) In case both X and X are manifolds, a covering
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p: X — X means a usual covering from X to X. Note that an isomorphism
is a covering.

Let p: X — X be a covering. An isomorphism # : X — X for which poh=
h is called a deck transformation of the covering. by the symbol Aut(X ,D),
we mean the group of all the deck transformations of the covering p : X - X.
(The product of g, 7 € Aut(X, p) is defined by (a7)(x) = a(7(x)), x € |X].)

Let M be a manifold and G a group acting smoothly, effectively, and prop-
erly discontinuously on M . By Proposition 13.2.1 of [Th], |M|/G has an
orbifold structure. We shall use the terminology M/G to denote this orbifold.
(Note that |M/G| = |M|/G.) It is clear that M 1is a covering orbifold of
M/G, the natural projection p : |[M| — |M|/G is the covering from M to
M/G, and that each element g € G is a deck transformation of the covering
p: M — M/G. Moreover, for any subgroup G' C G, we may regard the natural
projection |M|/G’ — |M|/G as a covering from M/G' to M/G.

A covering orbifold which is a manifold is called a covering manifold and
the covering is called a manifold covering. An orbifold is called good if it has
some covering manifold and bad otherwise. By the terminology a covering
D ()?, X) — (X, x), we shall mean that p : X > Xisa covering with
x €|X|-ZX and p(X)=x.

We call a coven'ng p:(X,X)— (X, x) the universal covering if for any
other covenng p (X', x')— (X, x), there is a covering ¢ : X - X' such
that p'og = p. X is called the universal covering orbifold of X . The usual
proof of the existence and uniqueness of the universal covering can be adapted
to show that any orbifold has a (unique) universal covering.

Let X be a good orbifold and M be the universal cover of a covering man-
ifold of X . Naturally M is a covering orbifold of X. Moreover, M is the
universal covering orbifold of X since every covering orbifold is isomorphic to
M/G', for some G' C G, where G is the group of the deck transformations
of the covering p : M — X . (Note that in this case the universal covering is
unique in the sense that for any other universal covering g : N — X there is an
isomorphism (diffeomorphism) 4 : M — N such that p = goh.) The universal
covering determines the orbifold structure of the good orbifold X .

A covering p : X — X is called a regular covering if for any two preim-
age ¥ and ¥ of the base point * € |X| — ZX under p, there exists a deck
transformation of the covering taking ¥ to ¥ . X is called a regular covering
orbifold.

A regular manifold covering p : X — X iscalled a uniformization and X is
called a uniformization manifold of X . R

Let ({U}, {o.}, {U}, {G;}, {5,,}) and ({V}, {y;}, {V}}, {H}, {';U}) be
atlases of orbifolds X and Y, respectively. 4 product orbifold of X and Y ,
denoted by X x Y, is an orbifold whose underlying space is |X| x |Y| and
structure is given by ({U, xV, }, {9, x v, }, {U xV} {G,xH,}, {q)uxc//kl}

Let X be an n-orbifold and Y an (n — 1)-suborbifold of X. Y is said to
be properly embedded in X , if Int(Y) C Int(X) and Y Cc 0X. Y is said
to be 2-sided in X, if there is a suborbifold N of X such that there is an
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isomorphism 4 : Y x [0, 1] - N with A(x, 1/2) = x for all x € |Y| and
h(lY x [0, 1]]) N[0 X|=h(|0Y %[0, 1]]).

Two suborbifolds Y and Z in X are called ambient orbi-isotropic in X ,
if there exists an isomorphism F : X x [0, 1] — X x [0, 1] such that for any
te|l0,1]], FJX x¢t|) Cc|X x¢| and F(|Y x0]) =|Z| and for any x € |X|,
F(x,1)=1id, where X xt is the suborbifold of X x I whose underlying space
is |[X|x¢t.

We investigate the local behavior of any point x € |X|. Let gpor: U -
U /G =2 U be a local chart containing x and X be a pomt in U corresponding
to x. Let G, < G be the isotropy subgroup of X in U and U, bea G,;-
invariant open neighborhood of X in U. By averaging any Riemannian metric
on U under G, , we get a G -invariant metric on U, . So the differential dg
of g € G, preserves the inner product which is the restriction of the above
metric. This yields a faithful representation ux : G, — O(n), well defined up
to conjugation in GL(n, R). Consider the exponential map exp which gives
a diffeomorphism from the e-ball B(0, ¢) in T,U, to a small neighborhood
V. of X in U,. Note that V; is G,-invariant. Let f be the natural isome-
try defined by f(Z, 1a8) = (al, ..., a,), where ¢’s are a basis for T,U, .
Since the following diagram commutes, the orbifold V. /G, is isomorphic to

B(0, &)/u(Gy) -

R’ T, U, R’
N U C
B(0, &) «—L— B(0,e) —22 V¥,
0(n)au(g) | | dg | geG,
B(O, 8) — B(O 8) W Vx
2 N <
R" T.U, R’

So for any point x € |X|, a neighborhood of x in X is isomorphic to a
neighborhood of the origin in the orbifold R"/I", where I is a finite subgroup
of the orthogonal group O(n) which is isomorphic to the local group of x.

We shall consider orientable 2-orbifolds, so we can assume that the local
groups are contained in SO(2). The finite subgroups of SO(2) are cyclic groups.
The quotient of D’ by subgroups of SO(2) are cyclic groups. The quotient
of D’ by each of these groups is the topological 2-disc. From this it follows
that any orientable 2-orbifold has no codimension 1 strata and must have an
orientable 2-manifold as its underlying space. To express each orientable 2-
orbifold, we can use a picture of a 2-manifold F together with discrete points
i=1,2,...,k,in int(F) each of which is assigned integers n, > 2. The

l b

point p w1th the integer n means that there is a local chart of the orbifold
containing p of the form gor: U—-U /T = U, where Uisa neighborhood
of the origin in R’ , I is a cyclic subgroup Z, of SO(2), and p = (the image
of the origin). We often use the terminology F(n,, ..., n,) to mean such a
2-orbifold.
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m.ne 2/
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FIGURE 1.1

(a) (b) (c)

Neyz

FIGURE 1.2

All the connected, orientable, bad 2-orbifolds are shown in Figure 1.1. None
can occur as a suborbifold of any good 3-orbifold, as a consequence of the
definitions (of ‘good’ and ‘suborbifold’).

All 2-orbifolds with nonempty boundary are good.

All of the orientable good 2-orbifolds whose universal covering manifolds are
2-spheres are shown in Figure 1.2. They are called spherical orbifolds. They are
isomorphic to S* /G for some G C SO(3). In each case, G is isomorphic to
(a) one of the cyclic groups (b) one of the dihedral groups (c) the tetrahedral
group (d) the octahedral group (e) the icosahedral group. These are all the finite
subgroups of SO(3).

All of the orientable good 2-orbifolds whose universal covering manifolds
are 2-discs are shown in Figure 1.3. They are called discal orbifolds. They are
isomorphic to D2/Zn for Z C SO(2).

Next, we shall consider orientable 3-orbifolds, so we can assume that the
local groups are contained in SO(3). The finite subgroups of SO(3) are listed
above. The quotients of D? by these groups are shown in Figure 1.4. From this
it follows that any orientable 3-orbifold has no codimension 1 strata and must
have an orientable 3-manifold as its underlying space. The orbifolds listed in
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Figure 1.4 are called ballic orbifolds. Note that the boundaries of ballic orbifolds
are spherical orbifolds and that the singular set of each ballic orbifold is a cone
on its boundary spherical orbifold. In this sense each ballic orbifold is called the
cone on the corresponding spherical orbifold. The assigned integer p means
that the local group is Z, C SO(3). In case (b)—(e), the central vertex is the
image of the origin of the local chart, and the only point whose local group is
noncyclic. To express each orientable 3-orbifold, we can use a picture of an
orientable 3-manifold M together with properly embedded linear graphs 7~
satisfying the conditions that the valencies of vertices of .7 are at most three,
each segment / of 9 is assigned integers n > 2, and their local conditions
are the same as (a)-(e) in Figure 1.4. The segment / with the integer » means
that for each point on /, there is a local chart of the orbifold containing the
point of the form gpor: U — U/T = U, where U is a neighborhood of the
origin in R} , T is a cyclic subgroup Z, of SO(2) acting on U as the rotation
with angle 27/n around z-axis, and (/N U) = (the image of the z-axis). The
vertex p to which segments /,, [,, [, are incident means that there is a local
chart of the orbifold containing p of the form gor: U — U /T = U, where U
is a neighborhood of the origin in R’, T is either one of the dihedral groups,
the tetrahedral group, the octahedral group, or the icosahedral group according
to that the triple of the integers n, assigned to /, is (2,2, n), (2,3, 3),
(2,3,4), or (2,3,5). Note that the boundaries of orientable 3-orbifolds
are orientable closed 2-orbifolds. Throughout this paper, mainly, we deal with
orientable 3-orbifolds.
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2. ORBI-MAPS AND PROPERTIES OF COVERINGS

From now on, throughout this paper, we assume that orbifolds are good and
connected unless otherwise stated. And recall that we supposed all orbifolds
have no codimension 1 strata.

Let X be an n-orbifold equipped with a base point x € |[X|-ZX, p: X-X
be the universal covering and % be any lift of x. Put Q(X, x) = {&|a is a
continuous map from [0, 1] to |X’| with p(&(0)) = p(a(l)) = x}. Suppose
a,pe Q()? , X). Note that there is one and only one element : € Aut(/\~’ , D)
such that &(0) = 1(#(0)). & and B are called equivalent, denoted by & ~ g , if
&(1) = 1(B(1)). Clearly this is an equivalence relation in QX, x). We use the
symbol [&] to denote the equivalence class represented by & in Q()? s X)) ~.
Suppose [a], [B] € Q(X, x)/ ~. We can define the product of [&] and [B],
denoted by [&][B], by [a- p(B)], where - implies the composition of paths, p
is the element of Aut(X, p) taking B(0) to &(1), and p(B) is the path derived
from transforming § by p. It is easy to check that Q(f , X)/ ~ becomes a
group with this product. So we define = (X, x), the fundamental group of X
based on x, by Q(X’ , X)/ ~. Moreover it is easy to show that for any point
X e p'l(x) , we can define an isomorphism ¥, : QX, x)/ ~— Aut(X, p) in
the following manner. Take a representative path & of ¢ € m,;(X, x) beginning

A~

at x. Define ¥ (o) = 7, where 7 is the element of Aut(X, p) taking &(0)
to a(1). So our definition of m,(X, x) respects the ordinary one (Thurston’s
definition [Th]).

Let x,x €|X|-%X and % € p~'(x), ¥ € p'(x'). Let r be a path
from % to %'. If & is a path in |X| such that &(0) = ¥ and p(&(1)) = x
then f = r'-a-1(r) is a path such that $(0) = %' and p(B(1)) = x',
where 7 is the element of Aut()? ,p) taking &(0) to a(l1). We therefore
define u, : m, (X, x) — (X, x') by ula] = [r_l -a-1(r)]. It is easy to
show that u, is an isomorphism. Note that, if %" is another lift of x’ and

r' is a path from % to X", then there is an element ¢ € 7,(X, x’) such that
u.la] = a_lur[d]a , [al e m (X, x). Since X is connected (equivalently, |X|
is pathwise connected), for all x € |[X| - ZX, n (X, x)’s are isomorphic. But,
note that there are no canonical isomorphisms between them. When we are
concerned only with the isomorphism class of the fundamental group of X, we
frequently ignore the base point and use the symbol 7,(X) to denote 7, (X, x)
for any chosen x € |X| - ZX .

Let X, Y be orbifolds, and p : X - X , 4 - Y — Y be the universal
coverings. By an orbi-map f : X — Y, we shall mean a continuous map
h :|X| — |Y| with a fixed continuous map A : |X| — |Y| which satisfies the
following conditions:

(01) hop=gqoh.

(02) For each o € Aut()?, D), thereexistsa 7 € Aut(f’, q) such that hog =
Toh.

(03) A(|X]) is not contained in XY .
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By the continuity of 4, (03) is equivalent that there is some point x €
|X| —ZX such that h(x) e |Y|-ZY.

We call & and %, the underlying map and the structure map of f, respec-
tively. We often use the symbols f and f to mean the underlying map and
the structure map of the orbi-map f: X — Y, respectively. We often use the
terminology f = (f, f ) to mean that the orbi-map f consists of the under-
lying map f and the structure map f. Two orbi-maps f, g:X — Y are
equal, denoted by f = g, if there exists an element 7 € Aut(Y, ¢q) such that
f=103. (Automatically, / = g.) Note that if we take another universal
coverings p X' - X and q: Y - Y, then the structure map f" changes to
W ~'ofoh, where h:|X'| > |X| and &' :|Y'| - |Y| are homeomorphisms
such that p’ = pok and ¢’ = qoh’. So we identify f and &' ~'o fok as the
structure map of the orbi-map f . It is easy to see that if f is a diffcomorphism
from X to Y and that f is a homeomorphism from |X| to |Y|, then f must
be an isomorphism from X to Y.

Actually, as maps between orbifolds, several different versions are given [Y,
Ta 1]. Here, we give the above definition for the arguments developed in the
later parts of this paper.

Let f: X — Y be an orbi-map. Let 4 be a subspace of X . By the symbol
f(A4), we shall mean the subspace of Y whose underlying space is f(|4|). Let
B be a subspace of Y. By the symbol f _’(B), we shall mean the subspace
of X whose underlying space is f _1(|B|). We shall use the terminology f :
(X,A)—(Y,B),if f(A)cB. Let x€|X|-2X and y € |Y| - XY be base
points. We shall use the terminology f: (X, x) — (Y, y),if f(x)=y.

Let f: X — Y be an orbi-map. Let p: X > X and ¢ : Y — Y be
the universal coverings. Let P be a suborbifold of X . Note that the inverse
image of any suborbifold under a covering has a (not necessarily connected)
suborbifold structure of the covering orbifold. Let P be a suborbifold of X
whose underlying space is a connected component of p_l(|P|) .Let p': P' o
P be the universal covering. Suppose there is a point x € |P| — ZP such
that f(x) € |Y| - XY . The map (f||P|) : |P| — |Y| together with the map
(fop'):|P'| —» |Y] is said to be the restriction of the orbi-map f: X — Y to
P, denoted by (f|P): P — Y. Throughout this paper, we assume that, when
the symbol f|P is written for an orbi-map f:X — Y, P C X, the above
conditions are satisfied so that f| P is definable unless otherwise stated.

We can define a homomorphism f, : n,(X, x) — =, (Y, f(x)) by f.([a]) =
[foa]. Incase both X and Y are manifolds, it is clear that this homomorphism
coincides with the usual homomorphism f, : 7, (|1X|, x) — n,(|Y|, y) (that is,
there is an isomorphisms ¢ : 7, (X, x) — n,(]X], x) and v : 7, (Y, f(x)) —
7, (Y|, f(x)) such that yof, =/ 0p).

From now on, we shall fix a point X of p_'(x) as the initial point of the
representative path & of the element of orbifold fundamental groups. Then,
& ~ B if and only if &(1) = B(1).
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Let f: X —Y and g:Y — Z be orbi-maps. Suppose there exists a point
X € |X| —ZX such that f(x) € |Y|-ZXZY and (go f)(x) € |Z| - XZ. The
map 2o f :|X| = |Y] together with the map Zo f: |/?| — |)~’| is said to be
the composition of the orbi-maps f: X — Y and g :Y — Z, denoted by
(8o f): X

2.1. Proposition. Suppose f:(X,x)— (Y,y) and g:(Y,y) — (Z, z) be
orbi-maps. Then (go f), =g, of, :n/(X,x)—n(Z,z).

Proof. Let p: (X, %)= (X, x), ¢:(Y,9)—>(Y,y)and r:(Z, 2) = (Z, z)
be the universal coverings. Let f/ and g be the structure maps of f and g,
respectively. Take [a] € 7, (X, x). We have only to show that ((go f Yoa)(l) =
(g0 (foa))(1). Butitis trivial. Q.E.D.

We use the symbol [&¢], to denote the element of Aut(i’ , D) corresponding
to [a] € m,(X, x) under the isomorphism ¥, : 7 (X, x) = Aut()?, D), where
% € |X| is a fixed base point. And we use the symbol ( f.([a])) , to denote
the element of Aut(17 q) corresponding to f,([a]) € =, (Y, f(x)) under the
isomorphism ‘P (Y, f(x)) = Aut(Y, §). In the definition of the orbi-
map, condition (03) insure that, in the condition (02), for each o, there is only
one 7. Namely, for [a], € Aut(f, p), t=(f(a]), € Aut()N’, q). That is,
the following proposition holds.

2.2. Proposition. fol[al, = (f.([&]), 0 f, [a] € n,(X, X).

Proof. Note that [a], is characterized as the element of Aut(X’ , p) which
transforms &(0) = X to &(1) and (f,([a])), is characterized as the element of
Aut(Y, q) which transforms f(&(0)) to f(a (1)) . By the condition (02), there
exists an element 7 € Aut(Y g) such that fo[a] 4 =T0 f. On the other hand,

{(f( &(0))) = (0 f)(@(0)) = (f ° [a],)(@(0)) = f(&(1)). Thatis,  transforms
f(&(0)) to f(a(1)). Hence 7 = (f.(Iah),- QE.D.

Let X be an orbifold and p: X — X the universal covering of it. Let G be
a group acting smoothly, eﬁ‘ectwely, and properly discontinuously on |X x 1|,
where I = [0, 1], |Xx 1/2| = |X| (XxI)/G is called an I-bundle over X , if
G preserves the product structure (so we may assume G preserves IX’ x 1/ 2|)
and G|(|X’x 1/2)) = Aut(/\N’, p). Namely, if G preserves |,\~’><0| and |X’x 1,
respectively, it is called a product I-bundle over X , denoted by X xI. From the
uniqueness of the universal covering, we may assume that (p x id) : |X xI| —
|X x I| is the universal covering from X x I to X x I. So we may also assume
that for a product I-bundle, G = Aut(X x I, (p x id)) = Aut(X, p) x id. Let
X and Y be good orbifolds. Let p : X — X and q: Y — Y be the universal
coverings. Two orbi-maps f, g: X — Y are said to be orbi-homotopic, denoted
by f ~ g, if there exists an orbi-map F : X xI — Y such that F | (X x0) = f,
Fl|(Xx1)=g. F|(Xxt), tel|ll, is sometimes denoted by f, and an
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crbi-homotopy F : X x I — Y is sometimes denoted by the terminology an
orbi-homotopy f, : X — Y, t € |I|. Note that f, is not always an orbi-
map since F |(|X x t|) does not always satisfies (03) (though F | (IX’ x t|) and
F|(|X x t|) satisfy (01) and (02).) Note also that if f, is an orbi-map, then
for each o € Aut(f, D), thereisa 7€ Aut(l?, q) such that f; ogd=1To ft (t
depends only on ¢ noton ?). Namely, foo = 7o f if and only if oo =103 .
It is easy to see that if f;, g; (i =1, 2) be orbi-maps, f, ~ f,, g ~ g&,, and
orbi-maps f) o f, and g, o g, are definable, then fio f,~ g og,.

2.3. Proposition. Let f: (X, x) — (Y,y) and g : (X,x') - (Y,y') be
orbi-maps. Let p: X — X and q:Y — Y be the universal coverings. Let %
and %' be any points of p"‘(x) and p'l(x'), respectively. Let r be any path
in |X| from % to . Let s be any path in |Y| from f(%) to g(%), where
f and g are the structure maps of f and g, respectively. If f ~ g, then
g ou, =uof m(X,x)-n(Y,y).

Proof. Take & € Q(X, x). We have only to show that s~ - (fo @) - p(s) ~

(g(r))_1 -(goa)- g(z(r)), where 7 is the element of Aut(f, D) such that

7(%) = &(1) and p is the element of Aut(Y, q) such that p(f(%)) = f(1(X)).

The initial point of those is g(%'). The terminal point of st ( fo a) - p(s)
~ ol

and (g(r))'l (goa)- g(t(r)) are p(g(x')) and g(1(x')), respectively. Since
f and g are orbi-homotopic, pog = got. So p(g(x') = g(z(x")). Q.E.D.

Let p: X - X be any covering. Let p : X — X be the universal covering
and 7 be any element of Aut(/\A’ , D). p together with t becomes an orbi-map.
Conversely, the structure map of any orbi-map whose underlying map is p is
some T € Aut(f , D). Thus, any covering possesses one and only one orbi-
map structure. p, : nl(/\~’ , X) = m (X, x) is defined as the homomorphism
induced by the orbi-map whose underlying map is p (this orbi-map uniquely
exists). p(4) (4c X), p~'(B) (BcC X), (p|A), etc. are defined similarly.
(Note that both symbols p(A4) and p(|4|) have validity.) An (resp. a regular,
the universal) orbi-covering is an orbi-map whose underlying map is a (resp. a
regular, the universal) covering. Namely, an orbi-isomorphism is an orbi-map
whose underlying map is an isomorphism.

For orbifold coverings, we can derive the same results as those of ordinary
covering spaces. We shall list some propositions which we will need later.

2.4. Proposition. Let p' : (X', x') — (X, x) be any covering. The homomor-
phism p,:n (X', x") - n, (X, x) is monic.

Proof. Let p : (X, %) — (X', x') be the universal covering. Take [4] €
n, (X', x'). We may assume that & is a path in |X| such that &(0) = %
and p(&(1)) = x'. From the definition of p., p:([d]) = [idoa] = [a]. Hence,
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if p([a]) =1 in n (X, x), then &(0) = &(1). This means that [¢] = 1 in
n, (X', x). QED.

2.5. Proposition. For any subgroup G of m,(X, x), there exists a covering
p' (X', x') = (X, x) such that p,n (X', x')=G

Proof. Let p : (X’ , fﬁ) (X, x) be the universal covering. Regdrdmg G as
a subgroup of Aut(X p), put X' = X /G . Define a map p’ from |X /G| to

|X/ Aut(X p)| by p'(2G) = zAut(X p), for Z € |X| It is easy to show that
p’ is well-defined and the desired covering. Q.E.D.

2.6. Proposition If ' : (X', X') - (X, x) is any covering, then for any x, €
| X| - (xo |7[1(X’ x);p:nl(Xl’xl)l‘

Proof . Let p: (X X) — (X, x) be the universal covering. There exists a
covering ¢ : (~ %) — (X', x") such that p =pog. Put G= p,_nl(X', x')
and 4 =n,(X, x). Take any point X, € p~ (xO). Since p—l(xo) = Ues %
and p'_l(xo) q(p~ (xo)), ax, and gaX, are identified, for any g € G.
Hence #p'~ (x0 =14;G|. Q.E.D.

Slmllarly~, we can also show that for any suborbifold Y~of X and any cov-
ering p : X — X, #(p|V)7' () = Inn, (¥, »); n, 0| V)0, (¥, 9)I, y, €
|Y|—XY, where n:Y — X is the inclusion orbi-map and Y is any component
of p(Y).

From thisif p: (X', x') — (X, x) isacoveringand =, (X', x") 2 7, (X, x),
then p is an isomorphism.

Let f: (X,x) — (Y,y) be an orbi-map and p : (Y',y') — (Y,y) a
covering. A szt of f with respect to p is an orbi-map 1" : (X, x) — (Y', ")
with f' = f and pof = 1.

2.7. Proposition. Let f: (X, x)— (Y,y) bean orbi-map and p: (Y',y') —
(Y, y) a covering. There exists a lift of f, if and only if f,n (X, x) isa
subgroup of p,n (Y', ).

Proof. Suppose f': (X, x) — (Y',y') is alift of f. Since flm,(X,x) is
a subgroup of =n,(Y',»') and f =po f, fin(X,x) = p,fin,(X,x) <

(Y, ).

Suppose f,7,(X,x) < p,n,(Y',y'). Let ¢ : (X, %) — (X,x) and p':
(Y, ) — (Y',y') be the universal orbi-coverings. Take f : ()? , X) — ()~’, 7),
the structure map of f. Definea map f' from |X| to |Y'| by f'(x) = p'(f(X))
for x € |X|, where X is any point of q_'(x). It is easy to check that f' is
well defined and that f’ = (f', f) is the desired orbi-map. Q.E.D.

2.8. Proposition. Let p : (X', x') — (X, x) be a covering. If p,n (X', x")
is a normal subgroup of m,(X, x), then p : (X', x') — (X, x) is a regular
covering.

Proof. Take any x;, x, ep '(x). Let a be a path from x; to x| in |X'| -
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X' . Let ¢: X —» X' be the universal covering. Take 5c6 € q_l(x(',). Let a be
a lift of a beginning at %;. Put &(1) = X, . Note that [a], € Aut(X, poq).
Since p,7 (X', x') is normal we can define a map 5 : |X'| — |X'| by p(z) =
q([a],(2)), where Z is any point of q—l(z') . It is clear that p together with
[a], becomes an orbi-map from X' to X'. Itis clear that pop =p, p(x,) =
x; and p is onto. Moreover, since [d]p*nl(X', x') = p*nl(X', x[&], p is
injective. We can also define the inverse map of j using the inverse path of
&. Hence the map p is a homeomorphism. Since [&], is a diffeomorphism,
p is an isomorphism from X' to X’'. Thus we can construct an element of
Aut(X', p) taking x(') to x{. Q.E.D.
2.9. Proposition. If p: (X', x') — (X, x) is a regular covering, then

(1) p‘nl(X', x') is a normal subgroup of n, (X, x) and

(2) n, (X, x)/p, 7, (X', X') = Aut(X', p).
Proof. Let q: (X, %) — (X', x') be the universal covering. Since p is regular,
we can define amap ¥: 7 (X, x) - Aut(X', p) by Y[a] = 7, where 7 is the
element of Aut(X’, p) taking x’ to g(&(1)). It is easy to check that ¥ is an
epimorphism and the kernel is p, 7 (X ", x"). Q.E.D.

3. SOME TOOLS FOR FINITELY UNIFORMIZABLE 3-ORBIFOLDS

Let X be an orbifold. Let «: |[0, ]| — |X|—ZX be aloop in |X|-ZX
based at x. Let p: (f , X) = (X, x) the universal covering. Since « lies in
|X| — £X , there is a unique lift & of a in |X| with &(0) = %. By the symbol
[a], we shall mean the element of 7, (X, x) represented by such & . Let o' be
aloop in |X|—ZX based at x' # x. Take a path / in |[X|—ZX from x to x’.
Since /-a’ 17" is aloop in |X|—XX based at x, [[-o'-I""] has the meaning
as an element of # (X, x) defined above. By the symbol [a'], we shall mean
the element [/-a’-17'] of m,(X, x) defined above. If we take another path I
in |[X| - XX from x to x', then [/-o’-/""] and [I'- & -I"""] are conjugate
in 7, (X, x). If f is a map from usually oriented |Sl| to |X|—ZX, we can
define [f] € m,(X, x) in the similar way. If f is an embedding, we call not
only f but also the (usually oriented) image C = f(|S : |) a simple closed curve
in |X| - ZX. By the symbol [C], we shall mean [f].

A map f:|S'| - |X| — =X is said to be extendable to an orbi-map from
D%(n) to X if there exists an orbi-map F : D*(n) — X with F||8D*(n)| = f.
Since f(|S ') c|X| - =X, there is a unique orbi-map with the underlying map
f. Hence, a map f :|S'| — |X| — £X is extendable to an orbi-map from
D2(n) to X if and only if there exists an orbi-map F : Dz(n) — X such that
F| BDz(n) is equal to the orbi-map whose underlying map is f .

3.1. Lemma. Suppose X be an orbifold equipped with a base point x € |X| —
X and f:|S ]| — |X| = XX be a map. Then, f is extendable to an orbi-map
from D’ w X, ifand only if [f1=1 in n (X, x).
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Proof. Let p: (X, %) — (X, x) be the universal covering and / be a path in
|X|-XZX from x to the base point of f. Suppose F : D’ - X isan orbi-map
with F|(|dD*|) = f. Let F be the structure map of F. Since the universal
covering from D’ to D is the identity, F | (|<9D2|) is a lift of the map f.
So the lift of /- -/~ is a closed curve in |X|. This implies that [f] =1 in
(X, Xx).
Suppose [f]=1 in z,(X, x). From the hypothesis, the lift of /- /- I

a closed curve in |X|—p~'(£X). So there is a lift [ :|S'| — |X| - p~ ' (ZX)
of f. Since |f | is simply connected, f* is extendable to a map F from |D2|
to |X|. Since id : |D2| - |D2| is the universal covering from D’ to D?,
(po F, F) is the desired orbi-map. Q.E.D.

Let X be an orbifold with a base point x € |[X|—ZX and Y a suborbifold
of X with a base point y € |[Y| - ZX. Let i : Y| — |X| be the natural
inclusion. Let p : X — X be the universal covering and Y a component
of p 1( Y). Let i: |Y| |X | be the natural inclusion. Let g:Y 7Y
be the universal covering. Define i = iogq, I together with ; becomes an
orbi-map. The orbi-map (7, {) is called the inclusion orbi-map from Y to
X. Let i : Y — X be the inclusion orbi-map. When y = x, the induced
homomorphism i, : 7 (Y, x) — n,(X, x) is obvious. Even if y # x, by taking
a path in |X| - ZX from y to x, we can define the induced homomorphism

n,(Y,y) = m,(X,x) up to conjugation in 7 (X, x). Frequently, by
denoting simply #,(Y,y) — =#,(X, x), we shall mean the homomorphism
induced by the inclusion. Let p’ : X' — X be any covering. Let Y’ be any
component of p'~'(Y) with p'()) =y, ye Y —XY. Let i : Y' = X’ be the
inclusion orbi-map. Then we may assume that the structure maps of i’ and i
are equal. Hence, it is easy to see that p' o i’ = io (p'|y’). Thus, by 2.1, we
have p,oi =i o(p'|Y"),:m (Y ,Y)—>n(Y,p).

3.2. Lemma. Let X be a k-orbifold and Y a properly embedded, 2-sided
(k — 1)-suborbifold of X such that Ker(i, : (Y ,y) — n,(X,x)) = 1. If
f:|8 l| — |Y| — XX is a map which is extendable to an orbi-map from D 10
X then f is extendable to an orbi-map from D’wyY.

Proof. Let p: (X, %) — (X, x) be the universal covering. Let [, be a path
in |[X|-ZX from x to y and /, be a pathin |Y|-ZX from y to the base
point of f. From the hypothesis and Lemma 3.1, the lift of /, - L, - f- l_ l_
is a closed curve in |X|. So L-f- 12_ is a closed curve in |Y| where Y is
any component of p_l(Y). Hence [f]=1 in n (Y, y). By Lemma 3.1, f is
extendable to an orbi-map from D’to Y. Q.E.D.

A regular neighborhood of the suborbifold Y in X, denoted by .#'(Y), is the
quotient of an Aut(X p)-equlvarlant regular neighborhood of each component
of p l( Y) in X where p : X — X is the universal covering. It is easy to see
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that if Y is a properly embedded, 2-sided, 2-suborbifold in a 3-orbifold X,
then #(Y) is Y x I, if Y is a suborbifold of X consists of a vertex of ZX,
then /#(Y) is a ballic orbifold containing Y, if Y is a ballic orbifold, then
A(Y) is a ballic orbifold containing Y, and so on.

Let f: |S1| — |X|—ZX beamapand / apathin |[X|-ZX from x to the
base point of f. Define [f1"=[/-f-I"'1"€ n (X, Xx).

3.3. Lemma. Let X be an orbifold and p : X — X be the universal covering.
If 1S = |X| ==X is a map such that [f]" = 1 in n,(X, x) and that
(Lfl,) < Aut()? , D) has a fixed point in If |, then f is extendable to an orbi-
map from Dz(n) to X.

Proof. Let ¢ :|S'| — |S'| be the map defined by g¢'(e”) = ™. From the
hypothesis that [f]" =1 in 7, (X, x), there is a map 18" = |X|-p~'EX)
with po f = fogq'. Denote |[D*(n)| = c«|S'| and |D*| = ¢+ |S'|. We may
regard the map g((1 — £)¢é + te”) = (1 — t)c + te"™ : |D*| — |D*(n)| as the
universal covering from D* to D’ (n). Note that Aut(Dz, q) = Aut(Sl ,q).
Let / bethearc {(1-¢)é+¢t|0<t<1}C |D2|. We shall define a continuous
map F : |[D*| — |X| as follows: Let % € |X| be a fixed point of (Lf1,)-
Define F |/ by an arc in |X| from % to f(1). Let o, be the element of
Aut(Dz, q) corresponding to a local normal loop in Dz(n) around ¢. By a
similar argument in the proof of 2.2, we have foag, = [f], o f. (Note that
f(S") c |X|-XX.) We can define Flafl by [f]’;o(Fll)oaA_k. Let e be the
minor sector in |D2| bounded by / and o,/. Define F|e by an extension of
F|de. (Such an extension always exists, since l)? | is simply connected.) We
can define F | a:e by [ f]’;o(F |e)oaA_k . By piecing together (F lafe)’s, we can
define a continuous map F : |D2| - |i | . From the construction, F satisfies
(02) and (03). Hence we can define a continuous map F : |D2(n)| — |X| by
F(x) = q(F(x)), where x € |D2(n)| and X is any point of q'l(x). It is clear
that (F, F) is the desired orbi-map. Q.E.D.

An orbifold X is said to be finitely uniformizable, if there exists a uniformiza-
tion p : X' — X such that Aut(X’', p) is finite. An orbifold is finitely uni-
formizable if and only if its fundamental group contains a torsion free normal
subgroup of finite index.

The equivariant Dehn’s Lemma, Loop Theorem and Sphere Theorem of [M-
Y 1, 2, 3] show the following results.

3.4. Theorem (Dehn’s Lemma of Orbifold). Let M be a finitely uniformizable,
compact, and orientable 3-orbifold and C a simple closed curve in |0 M|—-ZM .
If[C] has order n in n (M) then there exists a discal orbifold Dz(n) properly
embedded in M such that |6D2(n)| =C.

Proof. Let p : M — M be the universal covering and p : M — M a finite
uniformization. There is a covering ¢ : M — M such that D =pog. Let
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K be a component of p~! (C) and K a component of q_l(K ). From the
hypothesis, J K is a simple closed curve in |M |. So K is also a simple closed
curve in |M| Suppose (q|K K — K and (p|K): K - C are m- and
n-sheeted coverings, respectively. Note that n = mi .

Casel. If n=rn,then m=1. Thatis, (q| I?) : K - K is a homeomorphism.
So [K]=1 in izl(ﬁ,fc). Since |ﬂl is compact and Aut(!\?,ﬁ) is finite,
by Theorem 5 of [M-Y 2], there exists a disc D? in M such that |652 | =K
and either g(|D?|) N |D*| = @ or g(|D*|) = |D?| for g € Aut(M, p). Hence
p(D*) = D*(n) and |[0D*(n)|=C

Case 2. If n 2 i, then [K] has order m # 1 in n,(ﬂ). So [K], # 1 €
Aut(]/ll\ ,q). Since [K], € Aut(]Tl\ , ) leaves invariant K and K is homotopi-
cally trivial in |A7 |, by the Corollary of Theorem 5 of [M-Y 2], [K], has a
fixed point in |A7 |. On the other hand, g : M — M is a usual covering. So

each element of Aut(ﬂ , q) except the identity has no fixed point. Contradic-
tion. Q.E.D.

3.5. Theorem (Loop Theorem of Orbifold). Let M be a finitely uniformizable,
compact and orientable 3-orbifold and F a compact and connected 2-suborbifold
in M . If Ker(n,(F) — n,(M)) # 1 then there exists a discal 2-suborbifold
D*(n) such that Int(Dz(n)) C Int(M), aDz(n) C F and dD*(n) does not
bound any discal orbifolds in F .

Proof Let p : M — M be the universal covering and F any component
of p~'(F). Note that (p|F) F — F is a covering. Let ¢ : F — F be the
universal covering. Let i : F — M be the inclusion orbi-map, and i : |F| — |M |
the structure map of ;. From the hypothesis that Ker(i,) # 1, there exists a
path / in IFI—A(qoq)‘ (EF) such that [(0) #I(1), (pog)(I(0)) = (pog)(/(1)),

and i(l(O)) = i({(1)). Let ﬁ (M, %) - (M, x) be a finite umforrmzatlon
and F' a component of ! (F). There is a covering p : M — M such
that p pop We may assume that p(F) F'. Hence (p|F) F - F' and
(B|F'): F' — F are also coverings. Let i’ : |F'| — |M | be the natural inclusion.
Put / = (p|F)oqol. Note that / 1saloop in |[F'|, [[1#1 in n (|F |) and,
since the closed curve 1ol is a lift of 1 o[ under the covering p : M- M,

[("oll]=11in = (|M| Hence, Ker( : (|F]) -7 (|M|)) # 1. Asin
the proof of Theorem 6 of [M-Y 2], we can take a simple closed curve C in
|F'| — p~'(ZF) which belongs to the generators of Ker(i’) and is equivariant
under the action of Aut(ﬂ , ). So p(C~') = C is a simple closed curve in
|F| —ZF with finite order in # (M) and does not bound the underlying space
of any discal orbifold in F . By 3.4, we can derive the conclusion. Q.E.D.

Anorbi-map f:Y — X iscalled an orbi-embedding, if f(Y) is a suborbifold
of X and f:Y — f(Y) is an orbi-isomorphism . Note that if f and f,
are two structure maps of orbi-embeddings f, : ¥ — X and f, : ¥ - X
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with f, = f,, respectively, then there is an element 7 € Aut(X, p) such that
To fl = f2 , where p: X — X is the universal covering.

Let X be an orbifold and p : X — X the universal covering. We shall
define 7,(X) by 7z2(|/\~’ |). Let S be a spherical orbifold. Let f:S — X be an
orbi-embedding and f : |S2| - |/? | the structure map of f. We use the symbol
[f] to denote the element of n2(|)7|) defined by [f] € 7:2(|)7'|) .

3.6. Theorem (Sphere Theorem of Orbifold). Let M be a finitely uniformiz-
able, compact and orientable 3-orbifold. If n,(M) # 0, then there exist a spheri-
cal orbifold S and an orbi-embedding f : S — M such that [f] # 0 in n,(M).

Proof. Let p : M — M be a finite uniformization and D M — M the
universal covering. From the hypothesis, nz(lﬁ |) # 0, so 7t2(|1\7 |) # 0. By
Theorem 7 of [M-Y 1] and Lemma 4 of [M-Y 3], there exists a 2-sphere StcM
such that [|S?[] # 0 in 7,(|M|) and for g € Aut(M, p), g(|S*))n|S*| =@ or
g(|S2|) = |S2| . We obtain the desired orbi-embedding by p(Sz) . Q.E.D.

A 3-orbifold Mis called irreducible if any spherical suborbifold in M bounds
a ballic suborbifold in A .

3.7. Lemma. If M is a finitely uniformizable, irreducible, compact and ori-
entable 3-orbifold, then n,(M)=0.

Proof. Suppose m,(M) # 0. By 3.6, there exist a spherical orbifold S and an
orbi-embedding f : S — M such that [f] # 0 in n,(M). Let p: M-M
be the universal covering and / the structure map of f. From the definition
of mn,(M), [ f1+#0 in n2(|M [). On the other hand, from the hypothesis,
f(S) bounds a ballic orbifold in M. Hence f : S — M is extendable to
an orbi-map from a ballic orbifold to M . This implies [f] = 0 in 7z2(|M\ ).
Contradiction. Q.E.D.

Let M be a 3-orbifold and F a connected 2-suborbifold which is either
properly embedded in M or contained in M . We say that F is incompress-
ible in M if none of the following conditions is satisfied.

(i) F is a spherical orbifold which bounds a ballic orbifold in M, or

(ii) F 1is a discal orbifold and either F C M or there is a ballic orbifold
X=FxIcM with X C FUOM , or

(iii) there is a discal orbifold D*(n) ¢ M with D*(n)n F = 8D*(n) and
aDz(n) does not bound any discal orbifolds in F .

3.8. Lemma. Let M be a finitely uniformizable, compact, and orientable 3-
orbifold and F (# S2(2, 3,5)) a compact, 2-sided, and incompressible 2-sub-
orbifold in M . For any covering p' : M' — M, any component of p'”'(F) is
incompressible in M.

Proof. In case F is a discal or spherical orbifold, we can easily show the con-
clusion by using Theorem 3 of [M-Y 4]. Otherwise let M| = cl(M - F x[0, 1]).
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Note that in case F C M, M, is orbi-isomorphic to M . Since F is incom-
pressible in M, F x 0 is incompressible in M, . It is easy to see that if each
component of p’_'(F x i), i =0, 1, is incompressible in the component of
p'~'(M,) which includes the component of p'~'(F x i), then each component
of p'~!(F) is incompressible in M’. So we suppose a component F' x 0 of
p'~'(F x i) is not incompressible in the component M, of p'~'(M,) which
includes F' x 0. So we may assume that there is a discal orbifold D*(n) C M|
with Dz(n) N(F' x0) = 6D2(n) and aDz(n) does not bound any discal orb-
ifolds in F' x 0. Since (p'|F' x 0), : m,(F' x 0) — n,(F x 0) is monic, this
implies- that Ker(n,(F x 0) — =,(M,)) # 1. Hence, by 3.5, F x 0 is not
incompressible in M, . Contradiction. Q.E.D.

Let M be a 3-orbifold and F a 2-suborbifold properly embedded in M. A
3-orbifold M’ (not necessarily connected) is said to be obtained by cutting M
open along F ,if M =cl(M —F x1I).

3.9. Lemma. Let M be a finitely uniformizable, compact and orientable 3-
orbifold and F a compact, 2-sided, and incompressible 2-suborbifold in M .
Suppose M’ is obtained by cutting M open along F . Then, for each component
N of M', the following (a) and (b) hold,

(a) If M is irreducible, then N is irreducible.

(b) Ker(n,(N) —» n,(M))=1.

Proof. (a) Let S be a spherical orbifold in N . From the irreducibility of M,
there is a ballic orbifold B ¢ M such that 9B =S . Since F is incompressible
in M, |B|Nn|F|=J,sowehave BCN.

(b) Let p: M — M be a finite uniformization and p: M — M the universal
covering. Let N be a component of p’l(N) and ¢ : N —» N the universal
covering. Since (p|ﬁ) :N > Nisa covering, (p|ﬁ) og: N > N is the
universal covering. Take [a] € 7, (N, x'), x' € [N| - ZN, where a is a loop
in IN|—ZN. Let & bealiftof a in |N|, i: N > M the inclusion orbi-map
and 7: |N| — |A7 | the natural inclusions. Let / be the structure map of i
(automatically poi=1ioq.) If i,([e])=[ica]l=1 in n (M, x'), then ioéa
is a closed curve in M?l. Then poioa =1iogoa isa closed curve in |A7|.
Hence g oa is a closed curve in |N| and the closed curve ioa is a lift of
ioqod under the covering p: M — M . Thus i,([geal) =1 in nl(|ﬂ|). By
3.8, since Ker(i, : nl(|ﬁ|) — 7t1(|ﬁ|)) =1,[goal=1in nl(lﬁl). Hence &
is a closed curve in |N|. Q.E.D.

3.10. Lemma. Let M be a finitely uniformizable, compact and orientable 3-
orbifold and F a compact, 2-sided, and incompressible 2-suborbifold in M .
Then Ker(i, : n,(F) - n (M))=1.

Proof. Let N be a component of cl(M — F x [0, 1]) containing F x 0. From
the incompressibility of F and 3.5, Ker(n (F x 0) — =n,(N)) = 1. By 3.9,
Ker(n,(N) — n,(M)) = 1. Hence Ker(n,(F x0) — n,(M))=1. Q.E.D.
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4. A CONSTRUCTION OF AN ORBI-MAP

Let S be a spherical orbifold and B be the ballic orbifold which is the cone
on S. By denoting B = ¢ xS, we shall mean that B is the cone on S and ¢
is the cone point of XB.

4.1. Lemma. Let M be an orientable 3-orbifold such that the underlying space
of the universal covering orbifold of Int(M) is homeomorphic to R®. Let S be
any spherical orbifold. Then, for any orbi-map f:S — Int(M), there exists an
orbi-map g from the cone on S to M such that g|S = f.

Proof. Let p : s? - S and q: M — M be the universal coverings. Let f
be the structure map of f. Let e and e’ be 2-discs on the underlying space
of S such that |S| =eUe’, de = 3¢’ and IS C de. Let é be the closure
of a connected component of p_l(e) - p_'(ES) and & be the closure of a
connected component of p_l (eY-p~ ! (ZS) . (See Figure 4.1.) We can describe

2 ~ o
IS1= |J (o,6u0,8).
crAEAut(Sz D)

Let B be the cone on S. We shall denote B =c*S. Let 17:33 — B be the
universal covering and ¢ = ! (c). We can describe

3 ~ ~ ~ ~
B = |J (éx(0@)uéx(a,e)).
aAGAux(Sz,p)

We may assume p((1 — ¢)¢é + tx) = (1 — t)c + tp(X), where X € |Szl. Note
that Aut(Sz, p) = Aut(B3 , p) . From the hypothesis, we can regard (f,x,(S)),
as a finite subgroup of diff +(R3). Hence, by Corollary I.1b of [B-K-S] (also
by Theorem 4 of [M-Y 4] in case (f,x,(S)), # 4s), there exists a point d in
Int(|M]) fixed by (f,7,(S),.

For any fixed point y € Int(|M|) of an element 7, € (f,7,(S)),, there is a
line segment in Int(|]l7 |) from d to y fixed by 1 4- Note that, if X € |S2| is
fixed by o, € Aut(S’, p), then f(%) is fixed by £,(d),, since f,(a),(f(%)) =
f(a,(%) = f(%), by 2.2.

\\i&%

FIGURE 4.1
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Let Q =cxe, Q' =cxe',and {x,x,, x;} =ZS. Let /, be the arc
cxx; and L, the arc in Oe such that 0L, = {x;, x; } and x; ¢ L,, where
{i,J, k}_{l 2, 3} Let E,=cxL,. Let X, =p '(x)né, Q =¢ ¢,
Q =¢xé' l —p (l)nQ and E (E)nQ We shall define a continuous
map §: |B | — |M | as follows: Let (ai) 4 be the element of Aut(S , p) fixing
X, , corresponding to a local normal loop in S around x;. Define g|/; by the
above line segment fixed by (f,(g;)),. Let p, be any element of Aut(B3 , D).
We can define g|pAl~i by (f*(p))Ao(glii)op;'. Define g|Ei by an extension
of g|0E;. (Such an extension always exists, since |M| is simply connected.)
We can define ngAE by (f,(p )) o(g]| lff)op;l Define g|é and g|é’ by
extensmns of glaQ and glaQ respectlvely (Such extensions always exist,

since 7,(|M|) =0.) We can deﬁne g1p,0 and |p,0 by (£,(p)), (gIQ
p; and (f,(p)), (g|Q) Py ! respectively. By plecmg together &lp, )
and (g| pAé')’s, we can define a continuous map £ : |B | — |Ml .

From the construction, ¢ satisfies (02) and (03). Hence we can define a
map g:|B| — |M| by g(x)=q(g(x)), where x € |B| and X is any point of
p_’(x) . It is clear that (g, 2) is the desired orbi-map. Q.E.D.

Let S be a triangulable topological space and (K, ¢) a simplicial division
of §. From now on, we identify S and the underlying polyhedron |K| so
that we call the simplicial complex K a simplicial division of S. Let X be
an n-orbifold. A simplicial division K, of |X| is called a simplicial divi-
sion of X if the k-dimensional strata is included in the polyhedron consists of
U{ele € Kf\f)} and for each n-simplex e, we have either eNZX = < or there
is only one proper face e’ of e such that e N XX = ¢’ . An orbifold which
has a simplicial division is said to be triangulable. It is easy to see that if K,
is a simplicial division of X, then any subdivision of K is also a simplicial
division of X . Note that orientable 2- or 3-orbifolds are triangulable. Fur-
thermore, if F is a properly embedded, 2-sided, 2-suborbifold in an orientable
3-orbifold M, then for any triangulation K. of F, there exists a triangulation
K,, of M suchthat K is a subcomplex of K, . These are proved by an ana-
log of the argument in the proof of 5.2 (using the product structures and mixing
triangulations). Let X and Y be triangulable orbifolds. Let K, and K, be
the simplicial divisions of X and Y, respectively. An orbi-map f: X — Y is
called a simplicial orbi-map with respect to K, and K, , if f is a simplicial
map from |X| (=|Ky|) to |Y| (=]|K,|) with respect to K, and K, , where
|K| is the underlying polyhedron of the complex K .

Let M be a 2- or 3-orbifold. Let p: M — M be any covering. Note that if
K,, is any simplicial division of M then the pull back of K, under p gives
a simplicial division of M . We will denote the simplicial division of M by
K v - With these simplicial divisions, the orbi-covering with the underlying map
p is a simplicial orbi-map. Moreover, p is a homeomorphism on each simplex
e, of I?M to a simplicial e, of K,,
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Let M be an n-orbifold, n = 2,3. Let p : (/\7,)?) — (M, x) be the
universal covering. Let K,  be a simplicial division of M . Let K;! be the dual
cell division of X, . Let T be a maximal tree of K;4 . We may assume that T
is including x. Let T be the lift of 7 under p including %. Put D = {e|e
is an n-simplex of I?M with en |f"| # J} . Note that (p|D): D — |M]| is one
to one except on (n — 1)-faces of some e’s. And note that (p|D) is two to one
on interior of such faces. We remove one of all such faces from D and attach
(n — 2) faces of such faces which are the preimage of XM to get a domain
ﬁe in |1l7| such that (plﬂe) : ﬁe — |M| is one to one. We call such ]Tie a
fundamental domain of p : M- M.

4.2. Theorem. Let M be a compact 2- or 3-orbifold and N an orientable 3-
orbifold such that the underlying space of the universal covering orbifold of Int(N)
is homeomorphic to R*. For any homomorphism ¢ : (M) — mn,(N), there
exists an orbi-map f: M — N such that f, =¢.

Proof. Let U(ZM) be a regular neighborhood (in the ordinary sense) of XM
in |M|. Let K, be a simplicial division of |M|— U(EM). Let K" be the r-
skeleton of K. Fix a base point x included in Ké” . Let T be a maximal tree
including x . We can describe K(()l) =TuUf{k,,...,k}, where k , ..., k, are
1-simplices in Kél) .Let p: M — M be the universal covering. By the symbol
Ko , we shall mean the pull back of K, under p. Fix a base point X € p_1 (x).
Note that we can find one and only one simple closed curve in |[TUKk,|. Let k,
be the lift of the simple closed curve under p with the initial point %. Since
I}i € Q(ﬁ, x), [fci] en,(M,x). Let g: N — N be the universal covering.

Step 1. We construct maps fl : |12(§”| — lﬂ{l —q_l(}:N) and f : |Ké”| — |N| -
IN which satisfy (01), (02), (03) and [f,ok;] = ¢[k;] € n,(N). (Automatically,
T of (02) is ¢[k,].)

Fix a base point y in Ny = |N| - XN . Define f,(|T|)=y. Fix y € q_l(y).
Let ii be a representative of (p[l%i] (it is a path in |ﬁ| — q—l(}:N)). Note
that ¢g(/;) = [, is a loop in N;. Define f (k;) = [,. Thus we get a map
£ 1KV = Ny. Let n:n,(K")) — n,(M) and &:m (N,) — n,(N) be the
obvious epimorphisms. From the construction of f, , it holds that {of|, = gon.
So there exists a lift (in the ordinary sense) fl : II?(()”] — q'l(NO) . It is easy to
verify that these fl and fl are the desired maps.

Let ﬂe be a fundamental domain of p : M- M including X%. By the
symbol (z,0), z € [M|, g € n (M, x), we shall mean 7,(2) € |A7| , where
Z 1s one point in p_l(z) N A7e.

Step 2. We construct maps f, : |K,(2)] — |N| and f, : |K{”| — |N| which
satisfy (1), (02), (03), f,|1K{"| = f, and f,[IKg"| = f, .
Let K’ be the collection of all e € K(()z) such that any point in Int(e(z)) is
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>

FIGURE 4.2

expressed by (z, 1), z € |K(()2)|, 1 en(M,x). Since |ﬁ| is simply connected,
we can extend the map fl |8e(2) to the map p: e? - |]V | . Note that, for any
g, € Aut(ﬂ, p) and aA(e(z)) , p(g)opo 0’;1 is a map from aA(e(z)) to |ﬁ|
and an extension of fl |0(o A(e(z))) . By piecing together above extensions on
each ¢® € K’ and o,(¢"?), e? € K', we can get a map f, : |[K{”| — |N]|.
Define fz : |K((,2)| — |N| by f"2(z) =(qo fz)(é) , where z € |K52)| and Z is any
point in p~'(z). Such f, and f, satisfy (01), (02), (03), f;||K"| = f, and
5 |K((]”| = f,. In case dim M = 2, by 3.3, the proof is completed.

Step 3. We construct maps f3 : |Iz'(()3)| — |N| and £ |K(()3)| — |N| which satisfy

(01), (02), (03), /,11K”| = f, and fi|IKG"| =7, - N
This can be done by the same way as Step 2, since n,(|N|) = 0. Let z, €

2. By the symbol B(z,), we shall mean the regular neighborhood of z, in
M . Note that B(z;) is a ballic orbifold. By the symbol S(z,), we shall mean
the spherical orbifold dB(z,). We may assume that |B(z)|N|K,| =/, ul,Ul;,
where [’s are simple arcs in [S(z,)| such that /;n{; = 8], = 0/; and that each
component of [S(z,)| — (/, Ul, Ul;) includes one and only one singular point

of S(z,). (See Figure 4.2.) Put L = |K| U(UZOGZ(O)M IS(z,)|) and

5w -1
L=1Klu| U » (S
zOEZ(O)M

Step 4. We construct maps f~4 L — |ﬁ | and f”4 : L — |N| which satisfy (01),
(02), (03), ,|IKY = fy and f,11K”| = 7.

Note that the orbifold whose underlying space is the closure of each compo-
nent of |S(z)| — ([, Ul,Ul;) is a discal orbifold. Let D(z,) be one of those
discal orbifolds. If necessary, by modifying with an orbi-homotopy, we may
assume that f,(|0D(z,)|) C |[N|—ZN . Hence, we can apply 3.3 to show Step 4.

Step 5. Since the remaining parts are the cones on spherical orbifolds, by 4.1,
we extend the map and get a desired orbi-map from M to N. Q.E.D.

By almost the same way as 4.1, we can show the following results.
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4.3. Lemma. Let F be any orientable and nonspherical 2-orbifold. Let S be
any spherical orbifold. Then, for any orbi-map f :S — Int(F), there exists an
orbi-map g:c*xS — F suchthat g|S = f|S.

Proof Let g : F — F be the un1versa1 covering. Since F is not spherical,
|Int(F)| is ‘homeomorphic to R’. Since dimXF = 0, each finite subgroup
G of Aut(F,q) has a fixed point in | Int(F )|. Let d be the fixed point of
(f,m,(S)),. We shall use the same symbols as in the proof of 4.1. We can
define a map g, :[C*é| — |f| by g,((1-t)c+1ty) = d. The remaining parts
of the proof are the same as the proof of 4.1. Q.E.D.

4.4. Proposition. Let M be a compact 2- or 3-orbifold and F any orientable
and nonspherical 2-orbifold. For any homomorphism ¢ : n,(M) — n,(F), there
exists an orbi-map f: M — F such that f,=¢.

Proof. By 4.3, we can prove this in the same way as 4.2. Q.E.D.

5. MODIFICATIONS OF ORBI-MAPS

For a simplicial complex K and x € K (0), the open star neighborhood of

x with respect to K, O(x, K), is the interior of the underlying polyhedron of
st(x, K).
5.1. Theorem. Suppose M, N are compact and triangulable 2- or 3-dimension-
al orbifolds and f: M — N is an orbi-map. Then, for any simplicial division
Ky of N, there exist simplicial divisions K,, of M and a simplicial orbi-map
g: M — N withrespectto K,, and K, suchthat f and g are orbi-homotopic.
Proof. (I) Let f:|M| — |N| be the underlying map of f. Since M is compact
and f is continuous, there exist simplicial divisions K y of M which satisfy
the following condition; for any vertex v € K}(\S) , there exists a vertex w € KI(\?)
such that O(v, K,,) C f_'(O(w, K,)). Hence f(Oo(v, K,)) Cc O(w, K).
Note that such w 1is not unique with respect to v. For each v € K,(S) , COrI-
respond one of those points, w(v). We may assume that there exists a vertex
x, € K9 with f(x,) e KON(N|-EN). Let p: M — M and g: N = N
be the universal coverings. Let f: IM | — |N| be the structure map of f. It is
clear. that for each 0 € D (v) there exists only one w(?¥) € q—'(w(v)) such
that f(O K,,)) Cc O(w(v), K ~) - (Note that we have already fixed a w for
each v .)

(I) Define a map g, from K\ to K\ by g,(9) = w(0). We can easily
show that g, satisfies the condltlon that g 00, = (f,(0)),° 8, 0 € m,(M).
Define a map g from K to K by piecing together the linear extension
of g, on each simplex of K . It is easy to check that g also satisfies the
condition that goag, = (f, (a)) og, g € n(M). Thus we can define a map

g:|M|— |N| by g(x)=q(&(X)), x € |M]|, where X is any point of p_'(x).
Note that g(x,) = f(xo) € |[N|-ZN . Since ¢ issimplicial, g is also simplicial.
It is clear (g, &) is the desired orbi-map.
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(IIT) We shall define an orbi-map F : M x I — N in the following manner:
For (X, t) € |M x I|, define

F(x, 1) =1g%) +(1-0f(%).

Since for each X € |1l7 |, both f(%) and (%) are included in a same simplex
of K N> F satisfies (02). Hence, we can define an orbi-map F : |[M x I| — |N]|
by F(x,t) = q(F(fc, t)), x € |M|, where X is any point of p_l(x). Note
that F(x,, t) = f(x,) € [IN|- XN for any ¢ € |I|. It is easy to see that (F, F)
is the desired orbi-homotopy. Q.E.D.

Let X and Y be orbifolds and p : X — X and q: Y — Y be the universal
coverings. Note that (p x g) : X x Y — X x Y is the universal covering. Let
f:X—>X and g:Y — Y be orbi-maps. The product of orbi-maps f and
g, denoted by f x g, is the orbi-map whose underlying map and structure map
are fx g and [ x g, respectively.

5.2. Remark. In 5.1, suppose that for a component 4 of M, there is a
component B of ON such that f(4) C B and (f|A4) : A — B is an orbi-
covering. Then we can construct an orbi-homotopy F between f and g such
that F|(Axt)= f,for te]l|.

Proof. Since (f|A) : A — B is an orbi-covering, we may assume that M is
triangulated so that f is a homeomorphism from each simplex in |A4| to a
simplex in |B|. Let 4 x I be the product neighborhood of A=4x0 in M.
Triangulate cl(M — (A4 x I)) by mapping the above triangulation of M with an
orbi-isomorphism from M to cl(M — (4 xI)). Let T, be the triangulation of
cl(M — (A x I)). Triangulate 4 x I by triangulating each e, x I as indicated
in Figure 5.1, where e, x 1 is a 2-simplex of 7| in |4 x 1|. Let T, be the
triangulation of 4 x I. Since T, is compatible with 7, on A4 x 1, these give
a triangulation of M . Let K,, be the triangulation of A .

We can easily construct an orbi-map # : X — X such that h is orbi-
homotopic to the identity orbi-map id, and that A(x,s) = (x,0), (x,s) €
e,x 1. Since f= foid, is orbi-homotopic to foh and this orbi-homotopy
fixes f|A4, we may assume that for any 2-simplex e, of K, in [4], f|e, is
a homeomorphism from e, to a simplex of K, in |B|, and f(x,s)=(x,0),
(x,s)€ee, x1I.

Let K, be the restriction of K, to 4 and K, the restriction of K,
to B. It is clear that for each v € K, f(v) € T} and f(O(v, K,,)) C
O(f(v), Ky), where O(v, K) is the open star neighborhood of v with respect
to K.

Put K;l = Sd K, K,, (the barycentric subdivision of K, , which is invariant

on K,). Put L ={e €K, |en|d|=0}. There exists a subdivision L* of L
such that for each v € (L*)”, there is a w € K such that f(O(v, L") C
O(w, K,). It is easy to construct a subdivision K;u of K;4 such that K;”
coincides with L* on |L| and is invariant on K,. Take v € (K,'w)(o). In
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case v € Int(|L|). Since O(v, K,,) = O(v, L"), f(O(v, K,,)) C O(w, Ky)
for some w € Kz(\?)- In case v € |M| — Int(]L|). Since there is a vertex u €
kY, ow, K}, c O, K,,), f(O(w,K,,)) C f(Ou, K,,)) C O(f(u), Kp).
Hence we have constructed a simplicial division K,, of M which satisfies the
following conditions; for any v € (KI'M)(O) , there is a vertex w € KI(\?) such
that f(O(v, K,'u)) C O(w, K,). Namely, by the construction, for any vertex
v of K;u in 4|, f(O(v, Kzlu)) c O(f(v), K,) . Hence, in (I) of the proof of
5.1, we can choose f(v) as w(v). Under such a choice, the orbi-homotopy
constructed in the proof of 5.1 fixes f|4. Q.E.D.

Let M be a 3-orbifold and S a spherical suborbifold which is a cyclical
type (i.e. n,(S) = Z,) and bounds the cone in M. Let D and D' be discal
orbifolds such that DN D' = 8D =D’ and DUD' = S. It is easy to verify
that D and D' are ambient orbi-isotopic in M . Hence, we have

5.3. Proposition. Let M be a 3-orbifold and F, G be 2-suborbifolds of M .
Suppose there exist discal suborbifolds D ¢ F and D' ¢ G such that F —
Int(D) = G — Int(D') and DUD' bounds the cone in M. Then F and G are
ambient orbi-isotopic in M .

Let M be a compact 3-orbifold and X an orbifold. We say that two
orbi-maps f, g : M — X are C-equivalent if there are orbi-maps f = f;, f,,
.., f, = g from M to X with either f; is orbi-homotopic to f,_, or f
agrees with f,_, on M — B for some ballic 3-orbifold B C M with BNoM
a discal orbifold or |B|N|0M| = . Note that C-equivalent orbi-maps induce
the same homomorphisms 7,(M) — n,(X) up to choices of base points and
inner automorphisms.
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For a triangulable orbifold X, the Euler number x(X) is defined by the
formula
2(X) = Z, (-)"™(1/#G, ),
where e; ranges over simplices of the given trlangulatlon and G, is the local

group of any point of x € Int(e;). This does not depend on the choices of
triangulations.

54. Lemma. Let X and Y be orbifolds. Let p : X>Xand q:Y > Y
be the universal coverings. Suppose dimX = n and nn_l(lf’l) =0. Let g:
|X| = |Y| be a map which satisfies the condition that there is a homomorphism
0 : Aut(X, p) —» Aut(Y, q) such that for 6 € Aut(X, p), oo = p(a)o 3.
Then there exists a map f : |/? | — |I~/| which satisfies the following conditions:

(1) There exists a point % € |X|—p~"(EX) such that f(%)€|Y|-q ' (ZY).

(2) There exists an n-ball B" |X| p Y (EX) such that B"nao(B") =@,
o eAut(X,p), o #1id and

- U ey =2l {ixi- U B
aEAut(},p) 6€Aut(},p)
(3) For each aeAut()?,p), foo=9p(0)of.
Proof. If there is a point X € |)7'| —p_l(ZX) such that g(x) e |1~/| - q'l(ZY) ,
we have nothing to do. Suppose there are no such points We can take a
small n-ball B” C |[X|—p~'(2X) such that B" Nnao(B") = @ o€ Aut(X D),
o #id. Put C = {6(B"); g € Aut(X, p)}. Define f|(|X|-C)=2|(|X|-C).
Let 4 be an arc properly embedded in B”. Let A’ be an arc in 8B" with
84 =098A . Let D* be a discin B" bounded by AUA'. Takea X% € IntA.
Define f(X) = j, where j is a point in |Y| _I(ZY) Extend f to A4 by
using any paths in |Y| from f(8A) to f(%). Since |Y| is 51mply connected,
we can extend f to D”. Since T, 1(|Y|) =0, we can extend f to B”. Define

flo(BY =9p(0)o(f|B") oo ~!. Thus, we get the desired map f. Q.E.D.
The proof of the following theorem is modelled on the proof of 6.5 of [H].

5.5. Theorem (Transversal modification of dimension 3). Suppose M and N
are compact and orientable 3-orbifolds such that N is containing a properly
embedded, 2-sided, 2-suborbifold F such that Ker(n,(F) — = (N)) =1, F
is not a spherical orbifold, and the underlying space of the universal covering
orbifold of each component of Int(N — F) is homeomorphic to R®. For any
orbi-map f: M — N, there exists an orbi-map g : M — N such that

(1) g is C-equivalent to f,

(2) each component of g—'(F ) is a properly embedded, 2-sided, incompressible
2-suborbifold in M , and

(3) for properly chosen product neighborhoods F x [-1,1] of F = F x 0
in N and g'l(F) x [-1,1] of g_l(F) = g"(F) x 0 in M, g maps each
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fiber x x|[-1, 1]| homeomorphically to the fiber g(x) x |[-1, 1]| for each x €
g™ (F)I.

Proof. We suppose that N is triangulated in such a way that a product neigh-
borhood F x [-1, 1] of F is triangulated as a product. That is, each simplex
in F x[—1, 1] is the join of a simplex in F x 1 with a simplex in F x (—1).
Then, we may assume that |F| = |F x 0| possesses the following properties with
respect to the triangulation K, of N; (a) |F|N ng) =, (b) |F| intersects
transversely with |K](V”| , (c) for a 3-simplex e € KS) , eN|F| is either empty
or topologically only one 2-cell D which satisfies the following properties; if
for an edge eV of e, eénD # &, then eVnDisa point and if for a face
e? of e , e?nD # O, then ¢?nD is an arc properly embedded in e? (See
Figure 5.2). By 5.1, we can suppose that M is triangulated in such a way that
f is a simplicial orbi-map with respect to K, . It is easy to check that each
component of f -1 (F) is a properly embedded, 2-sided 2-suborbifold and that
condition (3) is satisfied relative to F x[—1/2, 1/2] and f_l(Fx[—l/Z, 1/2])
with no differences in the case of manifolds. If each component of f "(F ) is
incompressible, the proof is completed. If not, we consider the following three
possibilities.

Casel. f _](F ) contains a compressible spherical orbifold S. Then S bounds
a ballic orbifold B in M. Let U be a small regular neighborhood B. Put
0U =S8 xt,CSx[-1, 1]. (See Figure 5.3.) From the hypothesis, by Lemma
4.3, there exists an orbi-map f' : B — F suchthat /' |8B = f|S. If necessary,
by using 5.4, we can define an orbi-map f, : M — N as follows;

(@) (f;IM —Int(U)) = (f|M — Int(U)), (if necessary, by using 5.4, we
may assume that there is a point x € |[M| — (|Int U| UZM) such that f(x) €
IN|-ZIN.)

() (IS %[0, ) : S x [0, )] = F x ¢y, by fxc,

(c) (f;|B): B — F x1,,by f xc,where c¢:[0,1] — , is a constant
map. (Note that we regard ¢ as the orbi-map both of whose underlying map
and structure map are the constant map [0, ¢)] — ¢,.)

Then f, is C-equivalent to f and fl—l(F)Cf_l(F)—S.
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Case2. f _I(F ) contains a compressible discal orbifold D. As in case 1, we
obtain an orbi-map f; : M — N C-equivalent to f with fl_l(F yc f _1(F )—
D.

Case 3. There is a discal orbifold D in Int(M) with DN f _I(F ) =0D and
dD does not bound any discal orbifolds in f -! (F). Let U be a regular neigh-
borhood of D in M such that A= Unf~'(F) is an annulus properly embed-
dedin U. Let D, and D, be the disjoint discal orbifolds in U with 04 =
0D,UdD,, and choose disjoint discal orbifolds E, and E, properly embedded
in U with 0E, = 0D, and |E|N|D|= . (See Figure 5.4.) We may assume
that f(|0E;|) C |[N|-ZN (if necessary, by modifying with an orbi-homotopy fix-
ing out of a small tubular neighborhood of |9E,|). We define an orbi-map f :
M — N asfollows: Put f [(M-Int(U)) = f|(M~-Int(U)). Since [|6Ei|]" =1
in n,(M) for some n €N, [ﬁ(lc’?Eil)]” =1 in n,(N). By 3.3, we can extend
f{IOE; to orbi-maps from E; to F. We can find ballic orbifolds B,, B;,
C,, C,, and C, indicated as Figure 5.5 with B, = E, x [0, 1] and B; = E, x
[-1, 0]. Define an orbi-map (f|B"): E,x [0, ] - F x [0, €] by (f,|B,) =
(fl |E;)xid, x € E;, where ¢ = 1. Put §; =0C;. S, is a spherical orbifold.
Since f,(S;) C Int(N —F), by 4.1, f, is extendable to an orbi-map from C; to
N-F.Let A beanannulusin U suchthat 94 = 9E, x (~1)UIE, x (-1).
Put §'=4'U (E, x (=1))U(E, x (1)) (= C5). For the same reason, we can
extend f,|S’ to an orbi-map from C; to N—F. Then f, is C-equivalent to
f and fl_l(F) = (f_l(F)—A)UE1 UE, . Note that f, is forced to an orbi-map
opposite sides of E; to opposite side of F .

In each of the above cases, f, satisfies (3) of the theorem.

We define the complexity of f, denoted by c(f), as follows; Let L be
the maximum of the orders of the local groups of M . Suppose the minimal
number of the Euler numbers of all the components of f~ l(F ) is more than
—r+ (m —1)/L and is not more than —r + m/L, where r € Z and m €

{0,1,2,...,L—1}. Let M_rivi/L be the number of the components of

f "I(F ) whose Euler numbers are more than —r + i+ (j — 1)/L and not more
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than —r + i+ j/L. We define
c(f) = (M pimyLs Mepmatyys =2 Mgt s Myt -+ > M) -

Let .# be the set of all orbi-maps f : M — N such that the minimum of
Euler number of all components of f 'I(F ) is not less than —r + m/L. We
order c¢(#) lexicographically: i.e.,

! !
(n_r+m/L, sy y) < (n_r+m/L, cees 1y)

if there is some ¢t € {-r+m/L, —r+(m+1)/L, ..., 2} such that
n,=n, fork<t and n,<n.

It is easy to verify that in every case c(f|) < ¢(f). Thus, by an inductive
argument, the proof will be completed. Q.E.D.

5.6. Corollary. Let M be a compact and orientable 3-orbifold. If there is an
epimorphism ¢ : n,(M) — Z, then there exists a properly embedded, 2-sided,
nonseparating incompressible 2-suborbifold in M .
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Proof. Let S be the solid torus. By 4.2, there exists an orbi-map f: M — S
such that f, = ¢. Let D be a meridian disc of S. By 5.5, each component
of f _l(D) is a properly embedded, 2-sided, incompressible 2-suborbifold in
M. Since f, is epimorphism, there is a loop a in |M| — XM such that
f.[a] = z; the generator of =,(S). By (3) of 5.5, there exists a component F
of f _1(S) such that o meets |F| transversely in nonzero intersection number.
Hence, there exists a loop in |[M| — ZM which intersects F transversely in
some direction at least one. This implies F is nonseparating. Q.E.D.

Let F be a 2-orbifold. A simple closed curve C in |Int(F)| —XF is called
essential if C does not bound the underlying space of any discal orbifold in
F . A simple arc A properly embedded in |F|—XF is called essential if there
is a subarc B of |0 F| such that 4UB does not bound the underlying space of
any 2-discs in F . Let B be a essential simple closed curve or a essential simple
arc. Let F' bea component of cI(F —Bx1I). Let p: F — F be the finite
uniformization, F’' a component of p 1( F'), and B aliftof B. Itis easy to
see that B is essential (in the ordinary sense) in |F | . Hence nl(F )—m (F )
is monic. By the same way as in the proof of 3.9(b), = (F ) — n,(F) is monic.

5.7. Lemma. Suppose F and G are compact and orientable 2-orbifolds. Let
f, g be two orbi-maps from F to G and D a discal suborbifold in F such
that (f|F —Int(D)) = (g | F — Int(D)). Then f and g are orbi-homotopic.

Proof. Define an orbi-map F : F x I — G as follows: F|((F —Int(D)) xI) =
(fI(F =Int(D))) xid, F|(Dx0)= f|D,and F|(Dx1)=g|D. By 4.3,
we can extend F to the remaining parts. It is clear that F|(F x 0) = f and
F|(Fx1)=g. QE.D.

Let L be a l-suborbifold in a 2-orbifold. L is called essential if |L| is
essential.

5.8. Theorem (Transversal modification of dimension 2). Suppose F and G
are compact and orientable 2-orbifolds such that G is containing a properly
embedded, 2-sided 1-suborbifold L with Ker(n (L) = n,(G))=1.If f: F —
G is any orbi-map, then there exists an orbi-map g : F — G such that

(1) g is orbi-homotopic to f,

(2) each component of g_l(L) is a properly embedded, 2-sided, essential 1-
suborbifold in F, and

(3) for properly choosen product neighborhoods L x [-1,1] of L = L x0
in G and g7 (L) x[-1,1] of g"(L) = g (L) x 0 in F, g maps each
Sfiber x x |[-1, 1]| homeomorphzcally to the fiber g(x) x |[—1, 1]| for each x €
g™ (L))
Proof. By the same principle of 5.5, we may assume that f -! (L) is a properly
embedded, 2-sided, 1-suborbifold in F and that (3) holds. If each component
of f - (L) is essential, the proof is completed. If not, we consider the following
two possibilities.




184 YOSHIHIRO TAKEUCHI

Case 1. A component C of f _l(L) bounds a discal orbifold D in F. Let
U be the regular neighborhood of D in F. Put U =C x ¢, C C x[~1, 1].
Since [|C|]" =1 in n,(F) for some n € N, [f(IC))]" =1 in =,(G). Since
Ker(n,(L) = n,(G)) = 1, [f(IC)]" =1 in =,(L). Hence [f(IC)] =1 in
m,(L). Hence (f|C): C — L is extendable to an orbi-map (f|D):D— L.
Define an orbi-map f, : F — G in a manner similar to the proof of 5.4. By

5.7, f, is orbi-homotopic to f and fl_l(L) cfriy-c.
Case 2. The underlying space of a component B of f _I(L) is an inessential
arc in |F| - ZF . As in the proof of 5.7 and Case 1, we obtain an orbi-map
f,: F = G orbi-homotopic to f with f'(L)c f~'(L) - B.

We define the complexity c(f) of f by the number of the components of

f ! (L) . Clearly c(f,) < c(f). Thus the proof will be completed by an inductive
argument. Q.E.D.

6. I-BUNDLES

6.1. Theorem. Let M be a compact and orientable 3-orbifold with boundaries
and F (# spherical orbifold) a component of OM such that i, : n (F) —
n, (M) is an isomorphism. Then M is orbi-isomorphic to F x I by an orbi-
isomorphism which takes F to F x 0.

Proof. [B-N and F] show that good orientable 2-orbifolds are finitely uniformiz-
able. Thus there exists a torsion free normal subgroup G of i =, (F) (=

n,(M)). Let p: M — M be the finite uniformization with p*nl(ﬁ) =G.
Let F 123 a component of p"l(F ). Note that nl(ﬁ ) injgcts into G. Let
Jj: F — M be the inclusion orbi-map. Suppose |G; p,j,m,(F)| > 1, then
|7, (M); p,j, 7, (F)|
= |z, (M); p,r,(M)| x |p,7,(M); p,j,7,(F)|
> | (M), p*nl(ﬁﬂ = the number of sheets of p.
On the other hand,
|, (M); p,j, 7, (F)| = li,n,(F); p.j,m,(F)
= |m,(F); i, 'p,J.7,(F)
= the number of sheets of (p | F):F > F.

Since the number of sheets of (p| F ) cannot be greater than the number of
sheets of p, this is a contradiction. Hence G = p,j, n,(F), and so by 2.4,
n, (M) = j,m,(F). By Theorem 10.2 of [H], M = F x I. Since
|7, (M); p 7, (M) = |i 7, (F); p,j,m, (F)|
=|n,(F); (p|F),n, (F)|,
p"'(F )= F . Consequently, M consists of two components. By Theorem 8.1
of [M-S], we have the conclusion. Q.E.D.
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6.2. Theorem. Let M be a compact and orientable 3-orbifold with boundaries
and F (# spherical orbifold) a component of M which is incompressible in
M . Ifthe index, |n (M); i n (F)|, of i,n,(F) in n (M) is finite, then either
(1) |m(M);in (F)=1and M=F xI with F=F x0, or
(2) |n (M);i,n(F)] = 2 and M is a twisted I-bundle over a compact
nonorientable closed 2-orbifold.
Proof. Let p : M — M be the covering associated with i 7 (F). There is a
component ﬁo of M such that (p| fo) : ﬁo — F is an isomorphism. Since
nl(fo) - nl(ﬁ) is an isomorphism, M = ﬁo x I by 6.1. Let ﬁl be the other
boundary component of Fo xI.

Case 1. p(ﬁl) is not contained in F .
We have |z, (M); i n,(F)|=1.By6.l, M=Fx1I.

Case2. p(F,)CF.
Let k be the number of sheets of the covering (p|F)): F, — F. Then

k+1=|n,(M);i,x(F).

On the other hand, k = |7z,(F);p*7zl(ﬁl)| = 1. Hence |z, (M); i ,n,(F)| =2.
By Theorem 8.1 of [M-S], M is a twisted /-bundle over a nonorientable closed
2-orbifold. Q.E.D.

6.3. Theorem. Let M be a compact and orientable 3-orbifold. Suppose that
n,(M) contains a subgroup G of finite index which is isomorphic to the orb-
ifold fundamental group of some closed and orientable 2-orbifold (# spherical
orbifold). Then M is an I-bundle over some closed 2-orbifold.

Proof. Let p, : M — M be the covering associated with G . There is a torsion
free normal subgroup G' of G with finite index in G. Let p,: M — M be
the uniformization associated with G'. Since =, (M') = G', by 10.6 of [H], M’
is a product I-bundle over a closed, orientable 2-manifold whose fundamental
group is isomorphic to G'. Since p, op,: M’ — M is a finite covering, by 8.1
of [M-S], we have the conclusion. Q.E.D.

7. THE CLASSIFICATION THEOREM

7.1. Lemma. Let f:DZ(m) - Dz(n) be an orbi-map such that flaDz(m) is
an orbi-covering from 8D2(m) to 8D2(n). Suppose m divides n. Then there
exists an orbi-homotopy F : Dz(m) x [0, 1] - Dz(n) such that F | (Dz(m) x 0)
= f, F|(D2(m) x 1) is an orbi-covering from Dz(m) x 1 to Dz(n) and
F|(0D*(m) x t) = f|8D*(m) forany t€[0, 1]].

Proof. Let f and f be the underlying map and the structure map of f, re-
spectively. Let v be a singular point of Dz(m) and u a singular point of
Dz(n). Let p : D’ - Dz(m) and q : D* - Dz(n) be the universal cover-
ings. Put & = p~'(v) and @ = ¢ '(u). Define a map g : |D*(m)| — |D*(n)|
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by g((1 = t)v +tx) = (1 — Hu + f(x), where x € |8D2(m)|. Define a map
g :|D*| = |D*| by g(1-1)0+1t%) = (1—t)a+1f(%), where % € |0D*|. We can
define an orbi-map g : Dz(m) — Dz(n) by g = (g, £). Define an orbi-map
F':9(D(m)x[0, 1]) - D*(n) by F'|(D*(m)x0) = f, F'|(D*(m)x1) =g,
and F'|(8D*(m) x [0, 1]) = f|8D*(m). By 4.3, F' is extendable to an orbi-
map from Dz(m) x [0, 1] to Dz(n). Q.E.D.

A 2-orbifold F is called a turnover if F is a 2-sphere and XF consists of
three points.
The proofs of 7.2 and 7.4 are modeled on the proofs of 13.1 and 13.6 of [H].

7.2. Theorem. Let F and G be compact, orientable 2-orbifolds such that
#n, (F) = oo and G is not a turnover. Suppose [ : (F,0F) — (G, 0G) is
an orbi-map such that f, : n (F) — n,(G) is monic. Then there exists an
orbi-homotopy f,: (F,0F) — (G 0G), te|ll|, with f,= f and either

(1) f, : F — G is an orbi-covering, or

(2) F is an annulus and f(F) C 0G.

If for some component J of OF, (f|J):J — f(J) is an orbi-covering, we can
require (f,|J) = (f|J) forall t.

Proof. In case 0G| # . Suppose [0F| = . Since F is finitely uniformiz-
able, there is a fundamental group of a closed orientable surface S (# 52 ), as
a subgroup of n (F). Hence =,(S) = f,n,(S) < n,(G). On the other hand,
since 0G| =D, n(G) =Zx---xZx(Z/m))*---x(Z/m,). By the Kurosh
Subgroup Theorem (8.3 of [H]), this is a contradiction. Hence |0F| # <.

Let J be any component of 8F and K a component of 4G such that
f(J) c K. Since the maps n,(J) — n,(F) and f:n (F)— = (G) are monic,
(f1J), :m,(J) = n,;(K) is monic. Thus, after modifying by an orbi-homotopy,
we may assume (f|J) : J — K 1is an orbi-covering. We do this for each
component of 4 F .

Let ¢: G' — G be a covering with ¢,7,(G') = f,n,(F). Let f : F —» G be
a lift of f with respect to ¢. Since go f = f, by 2. 1 g,0f. = f.. Hence f,
is monic. Since g, n (G )= f,mn(F)=(q, of ) and g, is monic, f: is
epic. Thus, f: is an isomorphism. Note that for each component J of 0F,
there is a component K’ of G’ such that (f'|J):J — K’ is an orbi-covering.

Suppose that f*|8F is not an orbi-embedding. With this assumption, in the
same way as in the proof of manifolds (see p. 138 of [H]), we can show that
there is a path a: (I, 9I) - (|F| - XF, |0F]|) satisfying

(x) (0) # (1), F(a(0)) = f'(a(1)) € |0G'|, and [f'cd] =1 in = (G),
where & is alift of o in the underlying space of the universal covering orbifold
of F, f is the structure map of ', and f' is the underlying map of f.
Let J; be the component of dF with x; = a(i) € |[J;| (i =0,1) and let
K be the component of G with y = f'(x,) = f'(x,) € |K|. Let 5, :
n,(Jy, Xy) = m,(F, x,) be the homomorphism induced by the inclusion orbi-
map. Let p : F — F be the covering associated with Mo, (Jy, Xp) - Let &
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be the lifting of o with &(0) = )‘co. Put X, = &(1) and let .71 (i=0,1) be
the component of p_l(Ji) with X |.7 |. Since nym,(Jy, X,) = Z is torsion
free, F is a manifold. In the same way as in the proof of mamfolds (see pp.
138-139 of [H]), we can conclude that F is an annulus and J # J Let k be
the number of sheets of the covering p : F — F . Since x(F)= (l/k)x(F )=

F is an annulus or D2(2, 2).

Suppose F is an annulus. We can construct an orbi-homotopy retracting
f into G, since f'(8F) c 8G', [f oca] =1 in n,(G'), and G is not a
spherical 2-orbifold. Hence so is f. This implies conclusion (2) holds.

Suppose F is D2(2, 2). Note the underlying map f* is a map between the
underlying spaces of F and G . Since (f||0F]|): |dF| — |K]| is a covering
map and f' is extendable to a map from a 2-disc |F| to |G|, [f'||8F]|] =
[IK']" =1 in n,(|G'|) for some m € Z — {0}. Hence |G'| is a 2-disc. Since
f*' is an isomorphism, G' must be D2(2, 2). Take the generators of =z (F)
and nl(G') indicated in Figure 7.1. Since any subgroup of D2(2 , 2) generated
by a multiple of the boundary loop is normal, we may assume that f: (ab) =
(cd)™ for some m € Z — {0}. Let (ab) be the normal subgroup of n,(F)
generated by ab and ((cd)™) the normal subgroup of nl(G') generated by
(cd)™. Since f, is an isomorphism, n,(F)/(ab) = nl(G')/((cd)'"). On the
other hand, n,(F)/(ab) = Z, and nl(G')/((cd)m) =~ the dihedral group of
order 2|m|. Then, it must be m = +1. Hence, f.([|0F|]) = [K|I*' in
T, (G'). This contradicts the fact that f'|8F is not an orbi-embedding.

Suppose that (f'|8F) is an orbi-embedding. Consider the diagram of the
exact sequence of homology.

— Hy([F|) — Hy(|F|, 8|F|) % H,0|F|) ~ H,(|F|) -

l ! ! !
— Hy(|G']) = Hy(|G'|, 91G')) — H,(0]G|) — H,(|G']) -

Since H,(|F|) = H,(|G'|) = 0, 0, is monic. Since (f'|8F) is an orbi-
embedding, 7,0, ([|F|]) = f([|F]) # 0 € H,(3|G'|). Hence H,(|G'|, 8|G'|) #
0. This implies that |G'| is compact. Thatis, G' is compact. Since G’ is com-
pact, |G| # @ and nl(G') = 7, (F) is not finite, there exist 1-suborbifolds
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Ay, ..., A, whose underlying spaces are essential simple arcs properly embed-
ded in |G'| - ZG' such that each component of cl(G' — {4,} x I) is a discal
orbifold.

By 5.1 and 5.2, by modifying f* under an orbi-homotopy which fixes bound-
aries, we may assume that each component of {f’ _l(Ai)} is a l-suborbifold
properly embedded in F. Let B be a component of {f’ _I(Al.)}. If |B| is
an inessential simple closed curve, then by 5.8, we can remove B by an orbi-
homotopy fixing boundaries. |B| must not be an essential simple closed curve
since f, is an isomorphism. |B| must not be an inessential simple arc since
f(B) is an essential arc. Thus we may assume that |B| is a properly embed-
ded, essential arc. By modifying f* under an orbi-homotopy fixing boundaries,
we may assume that (f'||B}) : |B| — f(|B|) is a homeomorphism. Iterating
such modifications, we may assume that for each component B of {f’ _I(Ai)} ,
|B| is a properly embedded, essential arc and (f'||B|) : |B| — f'(|B|) is a
homeomorphism. By (3) of 5.8, for any component G” of cl(G' —({4,} xI)),
there is a component F' of cl(F — {f~'(4,)} x I) such that f'(F') c G".
Since the maps n,(F') — n,(F) and f:x (F)— n,(G’) are monic, n (F') —
n,(G") is monic. Since G" is a discal orbifold, F' is a discal orbifold. Thus,
(f'|F'): F' - G" is an orbi-map from a discal orbifold to a discal orbifold,
(f'|0F"): 9F' — 8G" is an orbi-covering and (f'|F'), : n,(F') — n,(G") is
monic. Hence F' = D*(m) and G" = D*(n), where m divides n. By 7.1,
under an orbi-homotopy fixing boundaries, we can modify f'|F' to an orbi-
covering from F' to G". By piecing together such maps, the conclusion (1)
holds.

In case |0G| = . (Automatically, |0F| =.) Since G is not a turnover,
there exists a 1-suborbifold C whose underlying space is an essential simple
closed curve in |G| —XG. Let G’ be a component of c(G—-CxI). By 5.8, we
may assume that the underlying space of each component of f - (C) 1is essential
simple closed curve in |F| — XF . By modifying f under an orbi-homotopy,
we may assume that f is an orbi-covering on each component of f "'(C } and
(3) of 5.8 stands.

Let F,, ..., F, be the components of cl(F — f“'(C) x I). By the previous
case, for each (f|F,): F; — G, the conclusion (1) or (2) holds, where G, is
the component of cl(G — (C x I)) with f(F;) C G,. If conclusion (2) holds
for one of the resulting pieces, we can reduce the number of components of
f 'l(C ) by modifying f under an orbi-homotopy.

We cannot completely eliminate f - (C); otherwise f, is a monomorphism
from =,(F) to =,(G;) for some i. Since |0F| = &, there is a fundamental
group of a closed orientable surface (# Sz) as a subgroup of 7,(F). On the
other hand, n (G- C) = Zx---xZx (Z/m,) *---x (Z/m,). By the Kurosh
Subgroup Theorem, this is a contradiction.

Thus, the conclusion (1) follows by fitting together the pieces. Q.E.D.
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Let M be a compact 3-orbifold. A sequence
M=M>M,>---DM,

of 3-orbifolds is called a hierarchy for M provided that M, , is obtained
from M, by cutting open along a properly embedded, 2-sided incompressible
2-suborbifold F; and each component of M, is a ballic 3-orbifold. The integer
n is called the length of the hierarchy. If M has a hierarchy, then M is
irreducible. (Note that, in 3.9, if each component of M’ is irreducible, then
M is irreducible, and that all ballic orbifolds are irreducible.)

A 2-suborbifold F in a 3-orbifold M is said to be boundary-parallel if one of
the components of cl(M — F) is orbi-isomorphic to F x I. A 3-orbifold M is
called sufficiently large if there exists a 2-sided and incompressible 2-suborbifold
F which is not boundary parallel.

W. D. Dunbar showed the following theorem in [D].

7.3. Theorem (Dunbar [D]). Let M be a compact, irreducible and orientable
3-orbifold in which there is no turnover with nonpositive Euler number. If M is
sufficiently large, then M has a hierarchy.

Let M be a compact, orientable, and finitely uniformizable 3-orbifold. Sup-
pose M has a hierarchy. Then, by 3.8, any compact covering orbifold M of
M also has a hierarchy. Hence, in case M has a hierarchy of length n > 2,
by 13.4 of [H], the interior of the underlymg space of the universal covering
orbifold of M is homeomorphic to R,

Let 7  be the class of all compact and orientable 3-orbifolds which are

(i) finitely uniformizable,

(i1) irreducible,

(ii1) sufficiently large,

(iv) in which there is no turnover with nonpositive Euler number.

Now we have sufficiently prepared for showing the main theorem.

7.4. Theorem. Let M, N € # and suppose f : (M,OM) — (N,ON) is
an orbi-map such that f, : n (M) — n,(N) is monic and such that for each
component B of OM, (f|B), : n,(B) — n,(C) is monic, where C is the com-
ponent of ON with f(B) c C. Then there exists an orbi-map g: (M ,0M) —
(N,0N), tell|, such that g, = f, :n (M) — n,(N) and either

(1) g: M — N is an orbi-covering,

(2) M is an I-bundle over a closed 2-orbifold, there is an orbi-homotopy
f,:(M,0M)— (N,9dN) such that f,=f, f, =g, and g(M)CON, or

(3) Each of M and N is (a) or (b) in Figure 7.2, and g|dM is an orbi-
covering.

If (f|B): B — C is already an orbi-covering, we may assume (f|B) =
(g|B), and in case (2), f,|B=f|B forall t.

Proof. By 7.2, we may assume, after changing f by an orbi-homotopy, that for
each component B of M, (f|B) is an orbi-covering from B to a component
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of &N . If this is already the case for some B, there is no need now nor in any
future step to change (f|B).

Let ¢ : N' — N be a covering with g,n,(N') = f,n,(M). Note that N’ is
also finitely uniformizable since nl(N') =, (M). Let f' be alift of f with
respect to g . By the same reason as in the proof of 7.2, f: is an isomorphism.

Note that for each component B of &M , there is a component C of N’
such that (f'|B): B — C is an orbi-covering.

In case |OM| # @ and f'|dM is not an orbi-embedding. With this assump-
tion, in the same way as in the proof of 3-manifolds (see p. 144 of [H]), we can
show that there is a path a: (I, dI) — (|M| - XM, |0M|) satisfying

(*) a(0) # a(1), f(a(0)) = f'(a(l)) € |N'| —ZN', and [/ 0a] =1 in
n,(N "), where & is a lift of a in the underlying space of the universal covering
orb;gold of M, f is the structure map of f*, and f* is the underlying map
of f .

Let B, be the component of dM with x; = a(i) € |B;| (i =0, 1) and let
C be the component of N’ with y = f'(x,) = f'(x,) € |C].

Let n,: (B, X,) — m,(M, x,;) be the homomorphism induced by the in-
clusion orbi-map. Let p: M — M be the covering associated with n,7 (B, X;) .
Let & be a lifting of o with &(0) = X, let X, = &(1) and let Ei be the com-
ponent of p_l(B,.) with x; € |§I.|.

Let n, : n,(B,, x,) = n,(M,x,), #; : n,(B;, X,) n, (M, Xx;) be the
homomorphisms induced by the inclusion orbi-maps. Let ¥, : n (M, x,) —
n,(M,x,) and ¥, : n(M,Xx,) — mn,(M,%,) be the change of base point
maps. By the same way as in the proof of proof of 13.6 of [H], we can show
that p ¥, 7, n,(B,, X,) =¥ nn, (B, x;)Nnyn,(B,, x,) and ¥ n,7, (B, x,)N
no7, (B, X,) has finite index in each term. (See pp. 144-145 of [H].) Then, we
can conclude that El is compact (note that ﬁo is already compact, since p | §0
is an isomorphism).

Case 1. There is no orbi-homotopy whose underlying map retracts (rel x;, x,)
a into [0 M|— XM (this is certainly the case if B, # B,).

With this assumption, we must have §0 # §l ; otherwise, since 7}, : @, (EO) —
T, (ﬂ ) (the homomorphism induced by the inclusion orbi-map) is epic, there is
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apath f in |B)|-p~'(ZB,) from %, to %, such that [fod]=1 in 7, (M).
Contradiction.

In addition, we can conclude that §0 is incompressible in M ; if not, there is
a compressing discal orbifold Dz(n) with 6D2(n) C Eo- Let M, be a compo-
nent (possibly one) of cl(M —Dz(n) xI). Then, by 3.9 and Van Kampen’s Theo-
rem, we have either nl(M ) =mn,(M,)) *2 (DY) n,(M,) (nontrivial amalgamated
w0y Z (HNN group). Since |B,|n|D*(n)| = @
either B, C M, or B, C M,. Since n,(M,) 2 n,(D*(n)) (i=1,2),by4.4.1
and 4.4.2 of §4.2 of [M-K-S], ”1(§1) has infinite index in nl(M ).

On the other hand,

|7t1(M, xo); '//&'717!1(81 ) Xl)l
= |p*n1(Ma xo) ; p*Tdﬁlnl(Bl ’ xl)l
= |nym,(By, xo) ;s ¥om 7 (B, x;) N nym, (B, X,)| < o00.
Contradiction.

Then B, is incompressible in M . Hence, 7, : n,(B,, x,) — 7,(M, Xx,) is
monic. Thus, ’70 (B0 » Xg) o T (M X,) is an isomorphism.

Since 7, (Bo, X)) == (M X,) is a fundamental group of a closed 2-
orbifold, there is a torsion free, finite index, normal subgroup G of 7:1(1\7 s Xo) -

Let p': (M xo) (M X,) be the covering associated with G. Note that
P M - M 1s a finite uniformization of A . Hence, each component of
p~ l(B) and p'~'(B,) is compact.

Let B; be a component of p'~'(B,) and x; alift of X, in Bj. Let o' be
alift of & with o'(0) = x;. Let B; be the component of p'~'(B,) with x| =
/(1) € |B]|. Since B, # B,, B, # B, . Since , is monic, the homomorphism
induced by the inclusion orbi-map n,: 7,(By, x,) — n,(M’, x;) is monic.

Let 5’ : M' — M’ be the covering associated with 7,7, (B, x;) . In the same
way as i in the proof of 13.6 of " [H] (see pp. 144-145 of [H]), we can conclude
that M’ is compact. Hence M is compact. This implies that nyx,(B,) has
finite index in 7,(M). By 6.3, M is an I-bundle over a closed 2-orbifold.

In case B, # B1 s |7y (M); nom,(By)| = 1. In case B, = B, since (f|BO) :
B, — C must not be an orbi-isomorphism from the hypothesis,

C); (f' | By),m,(By) > 2.

free product), or m,(M,) *

On the other hand,

2> |m, (M); nym,(By)|

=|m,(N'); fimm (o)l
=|m,(N); i,(f | By),

=|m,(N'); i,7,(C |x|n f|B
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where i : C — N’ is the inclusion orbi-map. (Note that C is incompressible
in N', since f] is an isomorphism, f'|B, is an orbi-covering, and B, is
incompressible in M .) Hence, in any case, |7t1(NI)', i,n,(C)| = 1. Thus, by
6.1, N=Cx[0,1] (C=Cx0).

Define an orbi-map p, : C x [0, 1] — C x [0, 1] by p, = id xc,, where
¢,:[0, 11— [0, 1] is the map defined by c,(s) = —st +s. (Note that we regard
¢, as the orbi-map both of whose underlying map and structure map are the
map s — —st+s.) Since p,=1id and p,(Cx[0,1])C Cx0, f,=gop,of
is the desired orbi-homotopy.

Case 2. There is an orbi-homotopy whose underlying map retracts (rel x,, x,)a
into [0M|— XM . (Automatically, B, = B, .)

Let o, be a path in |Bj| — B, such that there is an orbi-homotopy in M
whose underlying map takes (relx,, x;) a to «,. Since the loop f oa, lifts
to a path o, (nota loop) under the covering (f'|By): By — C, [fo4,]# | in
n,(C,y), where &, isaliftof o, inthe universal covering of M . On the other
hand, [/ o0& ] =[fea]™"[f0a,]=[F o -a)]= fl&"" -4 ]=f(1) =1
in 7, (N', ). Thus, C is compressible in N'.

Let p: M — M be a finite uniformization. Put G=p n (M). Let g: N —
N’ be the covering associated with f/(G). Since G is torsion free, f.(G) is
also torsion free. Since |7,(N'); f1(G)| = lfn ); fUG)| = |, (M); G| < o0,

: N — N’ is a finite umformlzatlon

Let f:M — N be a lift of the composition orbi-map of f' and the orbi-
covering with underlying map p with respect to 7. It is easy to see that f* is
an isomorphism and f is a covering on each component of 93 .

If f maps two distinct components of &M to the same component of N,
then there is a path f in M — (ZM ) Joining these components such that
f B is a loop. Since f is epic, we may assume [f o f Bl=1in = ((N), where
B is a lift of ~[f into the underlying space of the universal covering orbifold of
M, f and f are the underlying map and structure map of f , respectively.
(Note that we may assume that f=7 .) Then po f satisfies (x) and there is
no orbi-homotopy (rel(po 8)(0), (po B)(1)) whose underlying map takes po f
into |6M| M . Hence, we are back to the previous case. So we may suppose
that / takes distinct components of M to distinct components of dN .

If Bo is a component of p 1(BO) , then f | B o 1s not one to one. This
is because a lifting @ of a which begins in B, must also end in B, whereas
f'oa isaloop (hence, sois foa in N) in the underlying space of the universal
covering orbifold of N'.

By the same way as in the proof of 13.6 of [H] (see pp. 146-147 of [H]),
we can conclude x(f (F )) = 0. Note that § can be restricted to a covering
from f(FO) to C. Let k be the number of sheets of (7| /(B, )) f(ﬁo) -

C. Since x(C) = (1/k)x(f( 0))—0, C is either a torus or S’ (2,2,2,2).
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Since x(q(C)) = 0, ¢q(C) is also either a torus or S2(2, 2,2,2). q(C) is
compressible in N ; otherwise, by 3.8, C is incompressible in N'. Hence N
is either (a) or (b) in (3).

Since f: M — N can be restricted to an orbi-covering on each component
of 0M, B, is either a torus or S2(2, 2,2,2). Since (f|By):B,— q(C) is
an orbi-covering, by 3.4, B, is compressible in M .

Hence M is either (a) or (b) in (3). Thus, we obtain conclusion (3).

In case f'|dM is an orbi-embedding (automatic if |0M| = @). Let N' =
N(; D N{ D---D N,'n be a hierarchy for N'. We prove the following Proposition

(n).

Proposition (n). Suppose f' : (M ,dM) — (N', dN') is an orbi-map such that
f. is monic and f'|dM is an orbi-embedding. If N' possesses a hierarchy of
length n, then there exists an orbi-map g' : M — N' such that

(i) g, =fl:m (M) m,(N).
(ii) g': M — N’ is an orbi-covering, and
(iii) g'|OM = f|OM .

Let G be the incompressible 2-suborbifold of N'. By 5.5, we may change f’
by a C-equivalent modification so that each component of f’ -l (G) is a 2-sided
and incompressible 2-suborbifold of M . Note that the C-equivalent modifica-
tion except removing compressible discal orbifold does not change f'|dM . In
addition f"~'(G) must not be a compressible discal orbifold; if not, G is also a
compressible discal orbifold. Thus this modification does not change floMm.

Let F be a component of f’_'(G). We have f'(|F|)n (|G| - ZG) # @.
(In case |8G| # @, it is clear since f |dM is an orbi-embedding. In case
|0G| = &, it is shown by using the fact that F is not spherical, incompressible
in M, and f: is monic.) So we can define the restriction orbi-map f* | F . Since
F is incompressible and £, is monic, (f'|F), : n,(F) — m,(G) is monic.

If n=1,then N’ is either a solid torus or one of (a)-(h) in Figure 7.3. Let
D’ (r) be the incompressible discal orbifold indicated in Figure 7.3. Since M
is irreducible and sufficiently large, we may assume that /'~ (Dz(r)) consists of
at least one incompressible discal orbifold properly embedded in M . Namely,
OM # . In any case of (a)-(h), since the number of the components of
ON' is one and f|OM is orbi-embedding, &M is orbi-isomorphic to N’ .
Let S be the boundary of Dz(r). Since f, is monic, by 3.4, f "I(S) also

*

bounds the discal orbifold D’ (r). By the irreducibility of M, we can easily
extend the orbi-isomorphism (f'|dM) : dM — &N’ to an orbi-isomorphism
g :M— N.Since g'|OM=f|oM, g. =f..

Suppose that n > 1. Let G be the incompressible 2-suborbifold of N’ along
which we cut to obtain N .

Suppose |0G| # &. Since the fundamental group of a closed nonspherical
2-orbifold must not be a subgroup of the fundamental group of a 2-orbifold




1

o

4 YOSHIHIRO TAKEUCHI

)

—
EN]

(b)

—

(=X

~
—

CRG
=)
% (5

) (i

—~
I o
\
. E
~
‘\\\

S
=
S~—

‘ NN
SHARTNS
S

.

)

8

QMR
‘g
MM

—
=]
~

Shadowed discs indicate incompressible discal orbifolds
FIGURE 7.3




WALDHAUSEN’S CLASSIFICATION THEOREM 195

with boundaries, each component of f~' (G) has boundaries. Note that

176 6 -6

is boundary preserving and this is an orbi-embedding on 8 f’ _I(G) L If Gois
Dz(r) , then, since the underlying map of f'|(8f _I(G)) is a homeomorphism,
£7YG) is also D*(r). So, by 7.1, we can modify f'|f~'(G) to an orbi-
embedding under an orbi-homotopy without changing f'|8(f’ _l(G)). In any
other case 7.2 applies; so we may modify f'|f _l(G) to an orbi-covering un-
der an orbi-homotopy without changing f'|9(f"~'(G)). (Furthermore, since
flaf - (G) is an orbi-embedding, the orbi-covering is an orbi-embedding (1-
sheeted orbi-covering).) The (2) of 7.2 does not occur since f* [d(f'~'(G)) isan
orbi-embedding. For the same reason, we must have (the modified) f'| f’ - (G)
an orbi-covering if [0G| =0 .

Let Q be a component of N{ . By the above, we may assume that if P is
a component of f~'(Q), then f' : P — Q is boundary preserving and f’ is
an orbi-covering on each component of 0P . By incompressibility, ( ' P), :
n,(P) — = (Q) is monic. Note that Q possesses a hierarchy of length not more
than n—1.

If f'|8P is an orbi-embedding (which must occur if |#G| # @), then we
apply induction hypothesis to get an orbi-map satisfying (i)-(iii).

If f'|9P is not an orbi-embedding (so |G| = @), then our initial consid-
erations apply to show that P is an I-bundle over a closed 2-orbifold and that
f'| P orbi-homotopes into G without changing f'|8P. Note that conclusion
(3) does not occur here, since P contains a closed incompressible 2-suborbifold
(parallel to a component of f’ -! (G)) in its boundary. On the other hand, any-
one of (3) does not contain such a 2-suborbifold. Since P C Int(M), we can
eliminate (one or two) components of [ _](G) by modifying f under an
orbi-homotopy without changing f’ |8 M . By continuing in this manner, we
must arrive at a point where [ is an orbi-embedding on the boundary of each
component of f"~'(N;). We cannot completely eliminate f'~'(G); otherwise,
by induction hypothesis, we can change f : M — Q into an orbi-covering A’
satisfying 4, = f without changing f’|dM . Since G C Q and k' is an orbi-
covering, |1 (OM)|N |G| # &. Since (f |dM) = (h'|dM) and G c Int(N'),
|f(8M)| N |Int(N")| # @. This contradicts the fact that f'(dM)c dN'.

Applying induction and piecing together the results, we get an orbi-map g’
which satisfies (i)-(iii). Hence g = go g’ is the desired orbi-map. Q.E.D.

Let M and N be 3-orbifolds. Let ¥ : n,(M, x) — n,(N, y) be ahomomor-
phism. We say that ¥ respects the peripheral structure, if the following holds.
For each boundary component F of M, there exists a boundary component
G of N, such that ¥(i (z (F, x))) c A, and A4 is conjugate in n,(N,y) to
j.(@,(G,y")), where i and j are inclusions.

7.5. Lemma. Let M and N be compact and orientable 3-orbifolds, such that
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each component of 8 N is incompressible and that the underlying space of the uni-
versal covering orbifold of Int(N) is homeomorphic to R Let ¥: (M, x)—
n,(N,y) be a homomorphism which respects the peripheral structure. Then,
there exists an orbi-map f : (M ,8M) — (N, dN) which induces ¥ and for
each component B of M, f|B can be defined.

Proof. By 4.2, there is an orbi-map f : M — N which induces ¥. To prove
the lemma, it will suffice to show that if F is a component of M , then there
exists an orbi-homotopy H : F x[0, 1] — N such that H|(F x0) = f' | F and
H | (F x1) is an orbi-map into d N . We construct this orbi-homotopy piecewise.
Define H|(F x 0) = f' | F. Take a triangulation K ¢ Of |F| so that for each
2-simplex e € K, deNXF =@ and (Int(e))NXF = (at most one point). Let
F, be the subspace of F whose underlying space is IK(FI)| x |[0, 1]| . From the
hypothesis that f respects the peripheral structure, we can extend H | (F x 0)
to F, with 7—7(|K}”| x 1) C|ON|-X2N. Let G be the component of N such
that TI(IK,(;)| x 1) C |G|. Since Ker(i, : n,(G) — m,(N)) = 1, we can extend
H|{(F x0)UF,} to Fx1.By4.1, wecan extend H|{(F x0)U(F x1)UF,}
to the rest. Q.E.D.

Note that, in 7.4, the condition that (f|B), : n,(B) — = (C) is monic is
automatically satisfied if all the components of &M are incompressible in M
(orif |OM|=O).

7.6. Theorem. Let M, N € # . Suppose all the components of OM and 6N
are incompressible in M. Let ¥ : n,(M) — = (N) be an isomorphism which
respects the peripheral structure. Then either

(1) there exists an orbi-isomorphism f: M — N which induces ¥ or

(2) M is a twisted I-bundle over a closed nonorientable 2-orbifold F and N
is an I-bundle over a 2-orbifold G such that n (F)=n (G).

Proof. By 7.5, we can construct an orbi-map f* : (M, M) — (N, 8N) such
that f, = ¥ and for each component B of M, f |B can be defined. If
M is not (2) of 7.4, we apply 7.4 to obtain a 1-sheeted orbi-covering (i.e. an
orbi-isomorphism). Note that (3) of 7.4 must not occur since each component
of OM 1is incompressible in M .

Suppose M is an I-bundle over a closed 2-orbifold F. By 6.3, N isan I-
bundle over a closed 2-orbifold G such that n,(F) = n,(G). If F is orientable,
then M = F xI. In addition, N = G x I . Otherwise, j:nl(M ) is contained in
n,(0N) which has index two in 7, (N). Let F’ be a component of dM and G'
a component of AN such that f'(F') c G'. Since (f'|F'), : n,(F') - n,(G")
is an isomorphism, by 7.2, we can modify f’|F’, under an orbi-homotopy, to
an orbi-isomorphism g : F' — G’ such that g, = (f | F'),. Define an orbi-
isomorphism f: FxI — GxI by f=gxid. Itisclearthat f, =%¥. Q.E.D.

7.7. Corollary. Let M, N € #". Suppose M and N are closed and n,(M) =
n,(N). Then M and N are orbi-isomorphic.
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8. APPLICATIONS TO LINKS AND TANGLES

Let X be an orbifold such that X = K, U--- UK, and the order of the
local group of any point in K; is n, i=1,2,...,r, where Ks are disjoint
smooth simple closed curves. Let p : M — S* be the n-fold cyclic branched
covering branched over L. Clearly p: M — S* is a finite uniformization of
X and X is compact, connected, orientable, and contains no turnovers. Recall
that a link L of disjoint simple closed curves in S? is prime if there is no s?
in S° that separates the component of L, and any S? that meets L in two
points, transversely, bounds in S* one and only one ball intersecting L in a
single unknotted spanning arc. Hence, if K, ..., K, is a prime link in s3 . X
is irreducible. We call the link {K,,..., K.} in s sufficiently large if X is
sufficiently large. This definition depends only on the link type of {K|, ..., K.}
not on the natural numbers n > 2.

Let (S3, L) be a link and X be the orbifold which satisfies that X =
L and the orders of every local group of X are n € Z, n > 2. We call
such an orbifold X the associated orbifold with weight n of (S3, L), denoted
by O(L, n). We define the n-weighted orbi-invariant of (S3 , L), denoted by
Orb, (L), by the fundamental group of the associated orbifold with weight n
of (S, L). Clearly, if two links (S°, L) and (S, L) are the same link type,
then Orb, (L) = Orbn(L') forany ne N. If (S3 , L) and (S3 , L) are prime
and sufficiently large, then the converse holds.

8.1. Theorem. Suppose (S3 , L) and (S3 , L) are prime and sufficiently large
links. (S°, L) and (S3, L') are the same link type, if and only if Orb, (L) =
Orb,(L') for some n€Z, n>2.

Proof. One direction is obvious. We come to the other. Let 0( L.n) and 0( L'n)
be the associated orbifolds with weight n of (S3 , L) and (S3 , L"), respec-
tively. Since ”1(0(1.,")) € (0 ), by 1.7, O(L,n) and O(Ll,n) are orbi-

isomorphic. The orbi-isomorphism is a homeomorphism from S to S and
carries L to L'. Q.E.D.

We give a sufficient condition so that a link (S3 , L) 1is sufficiently large.

A k-strings tangle is a pair (B, t) where B is a 3-ball and ¢ is k disjoint
arcsin B with tNdB = dt. Two tangles (B, t,) and (B,, t,) are equivalent if
there is a homeomorphism of pairs from (B, ¢,) to (B,, t,). A tangle (B, t)
is trivial if it is equivalent to (D2 x I, {x;} xI), where x;’s are disjoint points
in Int(D?). We define the associated orbifold with weight n , denoted by 0
in a manner similar to the case of links.

t,n)?

8.2. Proposition. Let (S3 , L) be a prime link. If there is a 2-strings prime tan-
gle (B, t) such that 0( L.n) —Int(O(,,n)) does not contain any properly embedded

separating disc, then (S3, L) is sufficiently large.
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Proof. Tt is clear that 00, , is an incompressible 2-suborbifold in O .
Q.E.D.

We define the n-weighted orbi-invariant of a tangle (B, t), denoted by
Orb,(¢), by the fundamental group of the associated orbifold with weight n
of (B, t). As an application of 4.2 and 5.5, we can get the following “Untan-
gling theorem.”

8.3. Theorem. Let (B, t) be a tangle. (B, t) is the k-strings trivial tangle if
and only if Orb,(t) = A, x---x A, , where A, =1L, for each i.

Proof. Let (B, ') be the k-strings trivial tangle. Note that 7, (O(f', 2)) & 4, *
-+-xA, , where 4, = Z, foreach i. By the hypothesis and 4.2, we can construct
an orbi-map f: O(t,2) — O(f', 2) such that f, : 7, (O(¢, 2)) — =n,(O(t', 2))
is an isomorphism. Let D,, i = 1,2,..., k — 1, be a mutually disjoint,
properly embedded, incompressible discs in O(¢', 2) such that each component
of cl(O(f', 2) - U(D; xI)) contains one and only one singular locus. By 5.5, we
have a sequence O(t,2) = M, D M, > --- D M, such that M, , is obtained
from M, by cutting open along a properly embedded disc and there is an orbi-
map from each component of M, into a component of d(o(t', 2) -U(D,; x1I))
which induces a monomorphism between the fundamental groups. Since the
fundamental group of each component of cl(O(t', 2) — U(D; x 1)) is Z,, each
component of M, is a ballic orbifold of cyclical type. Then the conclusion
holds. Q.E.D.

By Theorem 11 of [D], the orbifold which belongs to 7" is sufficiently large
if it has a boundary component which is not a turnover. So we can get the
following.

8.4. Proposition. Suppose (B,,t,) and (B,, t,) are tangles which contain no
local knots. (B, t,) and (B,,t,) are equivalent, if and only if, for some n €
Z, n > 2, there is an isomorphism Orb, (t,) = Orb,(t,) which respects the
peripheral structure.

(8,1 (B, 1,)

FiGURE 8.1
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8.5. Remark. The condition “respects the peripheral structure” is necessary.
Let (B,, t,) and (B,, t,) be tangles in Figure 8.1.

Orb,(t,) = (a, b, c|a’ =b* = = 1, (ab)’a = (cb)’c)

and

Orb,(t,) = (a, b, cla2 =b == I, (ab)2a = (bc)3b).
There is an isomorphism defined by a — a, b - b, ¢ — bcb. But, clearly
(B,,t,) and (B,, t,) are not equivalent. Note that the isomorphism does not
respects the peripheral structure.

REFERENCES

[B-K-S] N. P. Buchdahl, S. Kwasik, and R. Schultz, One fixed point actions on low-dimensional
spheres, Invent. Math. 102 (1990), 633-662.

[B-N] S. Bundgaard and J. Nielsen, On normal subgroups with finite index in F-groups, Math.
Tidsskr. B 1951, 56-58.

[B-S 1] F. Bonahon and L. Siebenmann, The classification of Seifert fibered 3-orbifolds, Lecture
Notes Ser., no. 95, London Math. Soc., 1985, pp. 19-85.

[B-S 2] —_, The characteristic toric splitting of irreducible compact 3-orbifolds, Math. Ann. 278
(1987), 441-479.

[B-Z] M. Boileau and B. Zimmermann, The n-orbifold group of a link, Math. Z. 200 (1989),
187-208.

[D] W. D. Dunbar, Hierarchies for 3-orbifolds, Topology Appl. 29 (1988), 267-283.

[F] R. H. Fox, Fenchel’s conjecture about F-groups, Math. Tidsskr. B 1952, 61-65.

[H] J. Hempel, 3-manifolds, Ann. of Math. Studies, no. 86, Princeton Univ. Press, 1976.
[K] M. Kato, On uniformization of orbifolds, Adv. Studies in Pure Math. 9 (1986), 149-172.

[M-K-S] W. Magnus, A. Karrass, and D. Solitar, Combinatorial group theory, Wiley, New York,
1966.

[M-M] D. McCullough and A. Miller, Manifold covers of 3-orbifolds with geometric pieces, Topology
Appl. 31 (1989), 169-185.

[M-S] W. H. Meeks and P. Scott, Finite group actions on 3-manifolds, Invent. Math. 86 (1986),
287-346.

[M-Y 1] W. H. Meeks and S. T. Yau, Topology of three dimensional manifolds and the embedding
problems in minimal surface theory, Ann. of Math. (2) 112 (1980), 441-484.

[M-Y 2] ___, The equivariant Dehn’s lemma and loop theorem, Comment. Math. Helv. 56 (1981),
225-239.

[M-Y 3] —__, Embedded minimal surfaces, exotic spheres, and manifolds with positive Ricci curva-
ture, Ann. of Math. (2) 116 (1982), 621-659.

[M-Y 4] ___, Group actions on R’ , The Smith Conjecture, Academic Press, New York, 1984, pp.
169-179.

[S] I. Satake, On a generalization of the notion of manifold, Proc. Nat. Acad. Sci. U.S.A. 42
(1956), 359-363.

[Ta 1] Y. Takeuchi, 4 classification of a class of 3-branchfolds, Trans. Amer. Math. Soc. 307 (1988),
481-502.

[Ta 2] ., The untangling theorem, Topology Appl. 34 (1990), 129-137.

[Th]  W.P. Thurston, The geometry and topology of three-manifolds, mimeographed notes, Prince-
ton Univ., 1978.

(W] F. Waldhausen, On irreducible 3-manifolds which are sufficiently large, Ann. of Math. (2)
87 (1968), 56-88.




200 YOSHIHIRO TAKEUCHI

[Y] M. Yamasaki, Maps between orbifolds, Proc. Amer. Math. Soc. 109 (1990), 223-232.

[Z} B. Zimmermann, Some groups which classify knots, Math. Proc. Cambridge Philos. Soc.
104 (1988), 417-418.

DEPARTMENT OF MATHEMATICS, AICHI UNIVERSITY OF EDUCATION, IGAYA, KARIYA, 448 JAPAN




